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Gelfand - Naimark theorem supplies a one to one correspondence between commutative 
C*-algebras and locally compact Hausdorff spaces. So any noncommutative C*-algebra 
can be regarded as a generalization of a topological space. Similarly a spectral triple is 
a generalization of a Riemarmian manifold. An (infinitely listed) covering of a Rieman- 
nian manifold has natural structure of Riemarmian manifold. Here we will consider the 
noncommutative generalization of this result. 
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1 Motivation. Preliminaries 

Some notions of the geometry have noncommutative generalizations based from the 
Gelfand-Naimark theorem. 

Theorem 1.1. 0 (Gelfand-Naimark). Let A be a commutative C*-algebra and let X be the 
spectrum of A. There is the natural ^-isomorphism 7 : A —> Cq{X). 


From the theorem it follows that a (noncommutative) C*-algebra may be regarded as a 
generalized (noncommutative) locally compact Hausdorff topological space. 


2 
























Any Riemannian manifold M with a Spin structure defines the standard spectral triple 
(M,L^ (M,S),0) [181, i-e- the spectral triple is pure algebraic construction of manifold 
with a Spin structure. If M —)• M is an infinitely listed covering projection then there is a 
sequence of finitely listed covering projections 


... M 2 ^ Ml ^ Mo = M 

which induces natural covering projections Tin ■ M ^ Mn and for any Xi,X 2 € M from 
M 7 ^ ^2 it follows that there is A: € IN which satisfies to the condition ttj- (xj) 7 ^ ttj- (X 2 ). 
From the topology and the differential geometry one can construct properties of M from 
the above sequence of finite covering projections. We will develop a pure algebraic con¬ 
struction of M. If we have a sequence of spectral triples {(C°° (M), (M„, Sn), 0n) }„g]N 

then we will construct a triple ^M, s'j , 0 ^ which reflects properties of the 

Riemannian manifold M with its Spin structure. Since our construction is pure algebraic 
we can apply it to the noncommutative case. A noncommutative example of this construc¬ 
tion is presented in the Section |7| 

This article assumes elementary knowledge of following subjects: 

1. Set theory IT^ , 

2. Category theory 1351 , 

3. General topology l27l , 

4. Algebraic topology including X-theory, l2Tl[35l , 

5. Differential geometry I6li9ll23ll, 

6. C*-algebras, C*-Hilbert modules and X-theory l3l l20ll3T| . 

The terms "set", "family" and "collection" are synonyms. 
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Following table contains a list of special symbols. 


Symbol 

Meaning 

A+ 

Unitization of C* — algebra A 

AO 

Opposite algebra of A consisting of elements {a^ : a € A} 
with product = [ba)^. 

A 

Spectrum of C* - algebra A with the hull-kernel topology 
(or Jacobson topology) 

A^ 

Algebra of G invariants, i.e. A^ = {a £ A \ ga = a,\/g £ G} 

Aut(A) 

Group * - automorphisms of C* algebra A 

B(H) 

Algebra of bounded operators on Hilbert space H 

C (resp. ]R) 

Field of complex (resp. real) numbers 

C(A’) 

C*-algebra of continuous complex valued 
functions on a compact space X 

Co{X) 

C*-algebra of continuous complex valued functions 
on a locally compact topological space X equal to 0 at infinity 

G(X\X) 

Group of covering transformations of a covering projection X ^ X 1351 

d{U) C A” 

The closure of subset U of topological space X. 

^ij 

Delta symbol. If i = j then Sij = 1. If f j then Sij = 0 

T{X,E) 

A C(A”)-module of sections of a locally trivial vector bundle E G Vect(A’) 

H 

Hilbert space 

nA 

Hilbert space over A (Detinition 11 .361 

k: = k:{h) 

C* - algebra of compact operators 

IC{Xa) 

C* -algebra of compact operators of a Hilbert A module Xa 

Ki{A) (1 = 0,1) 

K groups of C*-algebra A 

^m 

Inverse limit 

M(A) 

A multiplier algebra of C* -algebra A 

M„(A) 

The n X n matrix algebra over C* — algebra A 

N 

A set of positive integer numbers 

N° 

A set of normegative integer numbers 

^{A) 

A category of finitely generated projective modules over A 

gn 

The n-dimensional sphere 

SU{n) 

Special unitary group 

TM (resp. T*M) 

Tangent (resp. cotangent) bundle of differentiable manifold M t23l 

UiH) c B{H) 

Group of unitary operators on Hilbert space H 

UiA) C A 

Group of unitary operators of algebra A 

U{n) C GL{n,C) 

Unitary subgroup of general linear group 

Vect(A’) 

A category of locally trivial vector bundles over a topological space X fZH 

Z 

Ring of integers 

Zn 

Ring of integers modulo n 

k E 

An element in Zn represented by A: G Z 

X\A 

Difference of sets X\A = {x G X | x ^ A} 

|X| 

Cardinal number of the finite set 

/U' 

Restriction of a map / : A —> B to A' c A, i.e. f\A’ : A' ^ B 
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Definition 1.2. Let 


Gi •(— G 2 •(— ... (1) 

be an infinite sequence of finite groups and epimorphisms, and let G be a group with 
epimorpisms h„ : G ^ Gn- The sequence is said to be coherent if f] ker hn is trivial and the 
following diagram is commutative. 


G 



A family {G” C G}„gj^ is said to be a G-covering of the sequence |(I]| if following conditions 
hold: 

1. If OT < n then G™ C G”, 

2. |G”| = |Gn| for any n e N, 

3. h„ (G'^) = Gn, 

4. UneNG” = G. 

Definition 1.3. Let us consider a sequence l[T]| groups and epimorphisms. There are an 
inverse limit G = hmG^ (351 natural epimorphisms : G —> G^. We say that 
element g is represented by the sequence {g„ e G„}„g]fj if g„ = h„ (g). We will write 
^=91epG(te}). 

Henceforth means a set indexed by finite or countable set I of indexes. 

Definition 1.4. |2l Any homomorphisms of rings A —)• B induces functor t^{A) —)• i^(B) 
of categories of finitely generated projective modules. The functor is given by P 1 —>• B P 
on objects, and / 1 —> Idg ^ f on morphisms. We call it the extensions of scalars fimctor. 

1.1 Topology 

1.1.1 Covering projections and partition of unity 

Definition 1.5. 1351 Let tt : A” —> A’ be a continuous map. An open subset U C A” is 
said to be evenly covered by n if {U) is the disjoint union of open subsets of X each of 
which is mapped homeomorphicaly onto U hy n. A continuous map ^ : A” —)• A” is called 
a covering projection if each point x € A” has an open neighborhood evenly covered by fc. 
X is called the covering space and X the base space of covering projection. 

Definition 1.6. Let n ■. X —> A’ be a covering projection. A connected open subset lA G X 
is said to be a one-to-one subset with respect to ft if the restriction : if —> tt is a 

homeomorphism. The family |zf, | ^ of one-to-one subsets with respect to n such that 
X = is said to be a one-to-one covering with respect to n. 
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Definition 1.7. 1351 A fibration p : X ^ X with unique path lifting is said to be regular 
if, given any closed path co in X, either every lifting of w is closed or none is closed. 

Definition 1.8. |35l Let p : X ^ X he a covering projection. A self-equivalence is a 
homeomorphism f : X ^ X such that p o f = p). We denote this group by G{X\X). This 
group is said to be the group of covering transformations of p or the covering group. 

Proposition 1.9. il35f If p : X ^ X is a regular covering projection and X is connected 
and locally path connected, then X is homeomorphic to space of orbits of G{X\X), i.e. X w 
X!GjX\Xj. So p is a principal bundle. 

In this article we consider second-countable locally compact Hausdorff spaces only [27j. 
So we will say a "topological space" (resp. "compact space" ) instead "locally compact 
second-countable Hausdorff space" (resp. "compact second-countable Hausdorff space"). 

Theorem 1.10. if271f Every compact Hausdorff space is normal. 

Theorem 1.11. ilZTl/ Urysohn lemma. Let X be a normal space, let A, B be disjoint closed 
subsets of X. Let [a, b] be a closed interval in the real line. Then there exist a continuous map 
f : X ^ [a,b] such that f [A) = {a} and f{B) = {b}. 

Theorem 1.12. ilZTl/ Urysohn metrization theorem. Every regular space with a countable basis 
is metrizable. 

From the Theorems 11.101 and 11.111 it follows that if X is locally compact Hausdorff space 
X (z X, and B is closed subset of X, such that x B then there exist a continuous map 
f : X ^ [a, b] such that/(x) = a and f{B) = {b}. It means that locally compact Hausdorff 
space is completely regular, whence X is regular (See I27j), and from the Theorem [TT2] it 
follows next corollary. 

Corollary 1.13. Every locally compact second-countable Hausdorff space is metrizable. 

Theorem 1.14. ilZTlf Every metrizable space is paracompact. 

Definition 1.15. 1271 Let e ^}ocgJ indexed open covering of X. An indexed 

family of functions 

(pa : X —>■ [0,1] 

is said to be a partition of unity , dominated by if: 

1. fa {X\Ua) = {0} 

2. The family {Support (fa) = cl ({x € X \ fa > 0})} is locally finite. 

3- Eaej fa (^) = 1 for ariy x e X. 

Theorem 1.16. i[27lf Let X be a paracompact Hausdorff space; let \Ua G indexed 

open covering of X. Then there exists a partition of unity, dominated by {ZT«}. 
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Theorem 1.17. il30lf Suppose X and Y are compact Hausdorjf connected spaces and p : Y —> X /s 
a continuous surjection. IfC{Y) is a projective finitely generated Hilbert module over C(X) with 
respect to the action 

(/?)(y) =/(y)?(p(y)). / e c(Y),^e c(x), 

then p is a finite-fold (or afinilely listed) covering. 


1.1.2 Vector bundles and projective modules 

Definition 1.18. 1211 Let X he a topological space. A quasi-vector bundle with base X is 
given by 

1. a finite dimensional C-vector space Ex for any x G X, 

2. a fopology on the disjoint union E = [J 

A quasi-vector bundle is denoted by ^ = {E,n,X) or simply E if there is no risk of 
confusion. The space E is the total space of f, and Ex is the fiber of f at the point x. 

Remark 1.19. Above definition is a specific case of discussed in [211 definition which 
includes real vector bundles. This article discusses complex vector bundles only. 

Definition 1.20. |2I1 Let f = {E,n,X) and ^ = {E',n',X') be quasi-vector bundles. A 
general morphism from f to is given by a pair (/, g) of continuous maps such that 


1. the diagram 

g 


E' 


n 


A” 


/ 


7T 


X' 


is commutative. 

2. The map gx ’■ Ex ^ i'^'i^ced by g is C-linear. General morphism can be 

composed by obvious way. 

If have the same base X = X', a morphism between f and is a general morphism 
if'g) such that / = Id_^-. Such a morphism will be simply called g in the sequel. The 
quasi-vector bundles with the same base X are objects of a category, whose arrows we 
have just defined. 

1.21. 8211 Let f = {E,tz,X) be a quasi-vector bundle, and let X' be a subspace of X. 
The triple (^n~^ (A"), defines a quasi-vector bundle which is called a 

restriction of f to X'. We denote it by or even simply E;^'/. 
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Definition 1.22. 12111 More generally, let f : X' ^ X be any continuous map. For 

any x' 6 X' , let Then the set E' = Llx'e.t'' Ty may be identified with the 

fiber product X' Xx E, i.e. with the subset of A" x E formed by pairs (x', e) such that 
/ (x') = 7T(e). If n' E' ^ X' is defined by n'{x',e) = x', then it is clear that the 
triple (E', n', X') defines a quasi-vector bundle over X' , when we provide E' with the 
topology induced by X' x E. We write as or f*{E): this is the inverse image (or 

the pullback) of f by /. We have f* (f) = f for / = Id;f, and also (/ o f)* (^) = f* {f* (^)) 
if f : X" —> X' is another continuous map. We also say the E' is the pullback of E by /. 

1.23. 1211 Let us now consider two quasi-vector bundles over X and a morphism a : 

E —)• F. If we let E' = f*{E) as in 11.221 and ¥' = we can also define a morphism 

oc' = f*{oc) from E' to F' by the formula = ^f(^x')- h we identify E' with X' Xx E and 
F' with X' Xx F, then a' is identified with Id_^-/ Xx et which proves the continuity of the 
map x'. 

f*{F) -- F 



Proposition 1.24. il2Tf Eet f : X' ^ X be a continuous map. Then the correspondence E i—> 
f*{E) and a i—>■ f*{x) induces a functor between the category of quasi-vector bundles over X and 
the category of quasi-vector bundles over X' 

1.25. 1211 Let y = C” a finite dimensional vector space. There is a natural structure of 
quasi-vector bundle on the product X xV. Such bundles are called trivial vector bundles. 

Definition 1.26. 1211 Let ^ = {E,n,X) be a quasi-vector bundle. Then ^ is said to be 
"locally trivial" or a "vector bundle" if for any x ^ X there exists a neighborhood U such 
that restriction is isomorphic to a trivial bundle. 

Fact 1.27. Vector brmdles are in fact the objects of a full subcategory of the category of 
quasi-vector bundles considered in the Definition 11.201 We will denote this category by 
(f(X). If / : T”' —> T” is a continuous map then functor f* defined in 11.221 defines a 
functor from S‘{X) to (^{X'), because an inverse image of any vector bundle is also a 
vector bundle (See ED). 

1.28. 121] Let A = C(T’)bea ring of continuous complex valued functions on a compact 
space X. If E is a vector bundle with base X then the set T {X,E) of continuous sections 
is an A-module under the operation (A ■ s)(x) = A(x)s(x) where A e A, s e T {X,E). 
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Theorem 1.29. il2lT Serre - Swan theorem. Let A = C {X) he a ring of continuous complex 
valued functions on a compact space X. Then the section functor T induces an equivalence of 
categories S’{X) w ^{A), where ^{A) is a category of finitely generated projective A-modules. 

1.30. Let f : X' ^ X a continuous map, there is an inverse image functor f* from 
^(X) —> tS{X') described in 11.231 If we identify (a(X) (resp. (p(X')) with J3^(C(X)) 
(resp. (C (X'))) then f* may be interpreted as the "extensions of scalars" functor 
^ (C (X)) —>■ (C (X')) defined by P i—>• C {X') (g) P and h i—> 1 c(A'') ^ ^ for any mor¬ 
phism h in ^ {C {X)). 

Definition 1.31. Let ^ = (E, n, X) he a vector bundle, and let {if, C Xj^^i be a family of 
open subsets such that X = If {s, G L (if„E|jY,)},gj is a family of sections such 

that for any /, i” G 1 following condition hold 

then there is the unique section s G L {X,E) such that 


s\u, = Si; Vi G I. 

The section s is said to be the gluing of {s,};gj and we will write s = ©luing ({s,},gj). 

Remark 1.32. The Definition [L^ describes the gluing of sections of the sheaf (See IIT^ for 
details). 

Definition 1.33. Let n : X X he a covering projection and let if c df be a one-to-one 
subset. Let ^ = {E,n,X) he a vector bundle and let f = ^E,n',X^ be a pullback of f. 
There is a natural isomorphism 

If s G r ^TT ^ section then the section s' = <p (s) G L (u,E\£j^ is said to be 

the U-pullhack of s and we will write 1 = puitbact^ (s). Elements of Cg [X] and Cg 
can be regarded as sections of one dimensional trivial bundles, so we will use notation 
/ = putlbact^ (/) where / G Cg (X) and / G Cg ^if^ ^. 

Definition 1.34. Let us consider situation of the Definition 11.331 If be s G L {X,E) is a 
section then following condition hold 


puitbact^, (s) — putibact^,, (s) 


for any U' (resp. W) one-to-one subsets. Hence there is the unique section s = L 
such that 



s\q = puilbact^ (s) 
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for any one-to-one subset U. The section J is said to be the n-pullback of s and we will 
write 

s' = pulibact^ (s). 

It is clear that following condition hold 

pullbact^ (s) = (g)c(A') s. 


1.2 Hilbert modules 

We refer to ||3)|2D1 for the definition of Hilbert C*-modules, or simply Hilbert modules. 
Denote by Xy\ a right Hilbert A-module. The sesquilinear product on a Hilbert module 
will be denoted by {■,-)xa- For any f G X/^ let us define an A-endomorphism 
6^^^ given by = ^{^,rj)xj^ where rj e X^. Operator 6^^^ shall be denoted by 

Norm completion of algebra generated by operators 0^ ^ is said to be an algebra of compact 
operators /C(X, 4 ). We suppose that there is a left action of /C(X, 4 ) on X ,4 which is A-linear, 
i.e. action of Al(X^) commutes with action of A. 

Definition 1.35. 1201 An A-B-correspondence X is a right Hilbert B-module together with 
a *-homomorphism (px- A —> .if(X). We will denote this by a^b- 

Definition 1.36. [3| Let A be a C*-algebra, let Ha be the completion of the direct sum of 
a countable number of copies of A, i.e. Ha consists of all sequences {a„ e ^}„g]N such 
that E”=i converges, with irmer product 

00 

n—1 

Ha is said to be the Hilbert space over A. Henceforth the Hilbert space over A will by 
denoted by "^, 4 . 

The sesquilinear product on a Hilbert space H will be denoted by (■,■)■ For any f, ^ G H 
let us define an operator 0^^^ G B(H) given by &^^^{ri) = {^,ri)^ where rj ^ H. Operator 
6^^^ shall be denoted by (^. 

1.3 Riemannian manifolds and covering projections 

Proposition 1.37. (Proposition 5.9 il23l ) 

1. Given a connected manifold M there is a unique (unique up to isomorphism) universal 
covering manifold, which will be denoted by M. 

2. The universal covering manifold M is a principal fibre bundle over M with group ni{M) 
and projection p : M ^ M, where 7Zi{M) is the first homotopy group of M. 
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3. The isomorphism classes of covering spaces over M are in 1:1 correspondence with the con¬ 
jugate classes of subgroups of 7Ti(M). The correspondence is given as follows. To each 
subgroup H of ttj (M), we associate E = M/H. Then the covering manifold E correspond¬ 
ing to H is a fibre bundle over M with fibre ni{M)/H associated with the principal bundle 
M(M, 7Ti(M)). If H is a normal subgroup ofn-ijM), E = M/H is a principal fibre bundle 
with group n\ (M) / H and is called a regular covering manifold of M. 

Proposition 1.38. iO A differential manifold M admits a (smooth) partition of unity if and only 
if it is paracompact. 

1.39. If M is a covering space of Riemannian manifold M fhen if is possible fo give M a 
Riemannian strucfure such thaf tt : M —> M is a local isometry (this metric is called the 
covering metric). See (9| for details. 

1.4 Strong and/or weak extension 

In this section I follow fo ISTI . 

Definition 1.40. ||3T1 Let A be a C*-algebra. The strict topology on M{A) is the topology 
generated by seminorms |||x|||^ = ||flx|| + \\xa\\, (a e A). If x e M{A) and a sequence of 
partial sums Y]i=i^i (” = 1/2,...), (fl, G A) tends to x in the strict topology then we shall 
write 

OO 

X = Y,ai. 
i=l 

Definition 1.41. f3H Let H be a Hilbert space. The strong topology on B (H) is the 
locally convex vector space topology associated with the family of seminorms of the form 
X^ ||x^||,xeB(H),^eH. 

Definition 1.42. 13T1 Let H be a Hilbert space. The weak topology on B (H) is the locally 
convex vector space topology associated with the family of seminorms of the form x i—> 
\{x^,f])\,xeB{H), 

Theorem 1.43. il3Tlf Let M be a C*-subalgebra of B{H), containing the identity operator. The 
following conditions are equivalent: 

1. M = M" where M" is the bicommutant of M. 

1. Mis weakly closed. 

3. M is strongly closed. 

Definition 1.44. Any C*-algebra M is said to be a von Neumann algebra or a W*- algebra if 
M satisfies to the conditions of the Theorem 1 1.431 

Definition 1.45. J31] Let B c B{H) be a C*-algebra and B acts non-degenerately on H. 
Denote by B" the strong closure of B in B(H). B" is an unital weakly closed C*-algebra . 
The algebra B" is said to be the bicommutant, or the enveloping von Neumann algebra or the 
enveloping W*-algebra of B. 
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1.46. Any separable C*-algebra A has a state t which induces a faithful GNS representa¬ 
tion 1281 . There is a C-valued product on A given by 

(a,b) = T (a*b). 


This product induces a product on A/It where It = {fl G A | T{a*a) = 0}. So A/It is a 
phe-Hilbert space. Let denote by (A, t) the Hilbert completion of A /It. The Hilbert 
space L?- (A, t) is a space of a faithful GNS representation of A. 


1.47. If A” is a second-countable locally compact Hausdorff space then Cq (A”) is a separa¬ 
ble algebra [Tj. Therefore Cq (A”) has a state t such that associated with t GNS representa¬ 
tion Il28l is faithful. From [4j it follows that the state t can be represented as the following 
integral 



( 2 ) 


where pi is a positive measure. In analogy with the Riemarm integration, one can define 
the integral of a bounded continuous function fl on A’. There is a C valued product on 
Co (A”) given by 



whence Cg (A”) is a phe-Hilbert space. Denote by (Cq (A”), t) or (A”, pi) the Hilbert 
space completion of Cg (A”). From I281I34I it follows that W*-enveloping algebra Cg (A”) 
is isomorphic to the algebra (A”, pi) (of classes of) essentially bounded complex-valued 
measurable functions. The {X, pi) is a C*-algebra with the pointwise-defined opreations 
and the essential norm / i—t ||/||oo. 


1.5 Nonstandard analysis 

1.5.1 Riemannian integration 

Nonstandard analysis operates with actual infinitesimally small parameters. This proce¬ 
dure enables us replace the Riemarmian integration with the summation of infinitesimally 
small elements. Strict explanation of nonstandard analysis and its applications are con¬ 
tained in |[T^ . Here is an informal explanation. Suppose that / G C([0,1]) is a continuous 
function and we would like to define the integral 

f f (x) dx. 

Jo 

Let Q be a countable set given by Q = {x G Qn[0,1] & 3m,n G N° x = ^}. Then the 
integral can be represented as a sum of infinitesimally small numbers 
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Indeed infinitesimally small number j is a sequence {xn G such that lim„_>oo Xn = 

0. Suppose that is represented by the sequence G Cj^gN such that 


a 


n 


0 den((^) < 2" 

den{q) > 2” 


where den means denominator of the irreducible fraction, i.e. den = y. It is clear that 

ff(x)dx=\imVal=Y.«1 

nizr\ 


< j€Q <;€(3 


and 


lim = 0. 

n—>00 


Above equations mean that the Riemannian integral can be represented as a sum of in¬ 
finitesimally small numbers. 


1.5.2 Application to infinitely listed covering projections 

Let us consider the following sequence of covering projections 

/ S^.. / / ... / .... ^ ]R. (3) 

Roughly speaking there is a sequence of homomorphisms 

C(S^) ^ C(S^) ^ ... ^ C(S^) ^ C(S^) ^ ... ^ .... ^ Co(]R). 

Indeed there is no a natural homomorphism C(S^) —> Co(]R), there is a correspondence 
C(,(]R)Xc( 5 i). We would like represent functions in Co(]R) by functions on S^. If IR —)• 
is a covering projection then any / G C (S^) can be represented by a 2tc periodic function 
/ G Cfc(]R) given by Fourier series 

/(f) = Y. 

meZ 

If ]R —)• A/ ” gi then any /„ G C(A’n) can be represented as a 2Tin periodic function 

Jn given by 

7n(?) = E 

meZ 

All finite listed covering projections from the sequence give following functions 

7(f) = E (4) 

q€Q 
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These functions cannot represent any nontrivial function in Co(]R). But Co(]R) can be 
represented by a Fourier transform 


/(?) = / 
JR 


where / G L^(]R). However the Fourier transform can be regarded as the series (SJ with 
infinitesimally small coefficients. Let us consider a dependent on n G N series 


E 


qeQ 


such that 



qeQ 


i.e. can be regarded as infinitesimally small coefficients. Any f G Cq (K) is a weak 
(pointwise) limit of the sequence of periodic functions {fn G Cj, (lR)}„g]N given by 


/ {nn) — f (—mtt) 




— f (—nn), G [—nn, nn ]; 
/„(^ + 27Tn) = /(f), Vf gM. 


2nn 


From periodicity of fn it follows that 


/„ = E 


<?€Q 


and it is clear that —)• 0 as n —)• oo for any q G Q. 

2 Spin manifolds and spectral triples 

This section contains citations of |[T8| . 

2.1 Clifford algebras 

2.1. Clifford algebras. We start with {V,g), where V = IR” and ^ is a nondegenerate symmetric 
bilinear form. lfq{v) = g{v, v), then 2g{u, v) = q{u + z’) — q{u) — q{v). Thus g is determined 
by the corresponding "quadratic form" q. 

Definition 2.2. KTSl The Clifford algebra C£{V,g) is an algebra (over IR) generated by the 
vectors z’ G V subject to the relations uv + vu = 2g{u, v)l for u,v & V. 

The existence of this algebra can be seen in two ways. First of all, let T{V) be the tensor 
algebra on V, that is, T(V) := 0^o 1^®”- Then 


Ci{V,g) := T(V)/ ldeal(w <g)v + v^u — 2g{u,v) 1 : u,v E V). 


(5) 
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Since the relations are not homogeneous^ the Z-grading of T( V) is lost, only a Z 2 -grading 
remains: 

ce{v,g) = c£^{v,g)®ci\v,g). 

The second option is to define C£{V,g) as a subalgebra of EndE(A*y) generafed by all 
expressions c{v) = e{v) + i{v) for v e V, where 

e{v): u-[ A ■ ■ ■ Au]( V Aui A ■ ■ ■ Aujf 
k 

i{v ): Ml A ■ ■ ■ A Mjt i-> y^( — Uj)ui A ■ ■ ■ AUj A ■ ■ ■ Au^. 

M 

Note that e{v)^ = 0, = 0, and e{v)i{u) + i{u)e{v) = g{v, u) 1. Thus 

c{v)^ = g{v,v) 1 for all veV, 
c{u)c{v) + c{v)c{u) = 2g{u,v) 1 for all u,veV. 

Thus these operators on A*V do provide a representation of the algebra 
Dimension count: suppose {ei,.. .,£«} is an orthonormal basis for {V,g), i.e., g{e^,e]f) = 
±1 and g{ej,ej() = 0 for j ^ k. Then the c(ey) anticommute and thus a basis for Cl{V,g) 
is {c(ej.j).. : 1 < < ■ ■ ■ < < n}, labelled by X = {ki,. ..,kr} C {1,.. .,n}. 

Indeed, 

c(efci) • • : 1 e;ci A ■ ■ • A e;t, = ejc e A*V 

and fhese are linearly independent. Thus the dimension of the subalgebra of End]R(A*y) 
generated by all c{v) is just dim A*l/ = 2”. Now, a moment's thought shows that in the 
abstract presentation 0, the algebra C£(V,g) is generated as a vector space by the 2” prod¬ 
ucts ... ejt,/ and these are linearly independent since the operators c(ejti) • • • c(e;t,) are 
linearly independent in End]R(A*y). Therefore, fhis representafion of C£{V,g) is faithful, 
and dimC^(y,y) = 2”. 

The so-called "symbol map": 

o-:a^a{l) : C£{V,g) -k A*V 
is inverfed by a "quantizafion map": 

I 

Q:MiAM2A---AM,i - >- (-1)^c(m^(i))c(m^( 2)) • ■ •C(MT(r))- (6) 

'■ TGSr 

To see fhat if is an inverse to cr, one only needs to check it on the products of elements 
of an orthonormal basis of {V,g). Erom now, we wrife uv insfead of c{u)c{v), efc., in 
C£{V,g). 

Proposition 2.3. ltT8]l There is an unique trace r : C£{V,g) -A C such that t(1) = 1 and 
T{a) = Ofor a odd. 

There is a useful rmiversalify property of Clifford algebras, which is an immediafe conse¬ 
quence of fheir definifion. 
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Lemma 2.4. Any M.-linear map f: V ^ A (an K-algebra) that satisfies 

f{v)^=g{v,v)lA for all veV 

extends to an unique unital H-algebra homomorphism f: C£{V,g) —>• A. 

Here are a few applications of universality that yield several useful operations on the 
Clifford algebra. 

1. Grading: take A = C£(V,g) itself; the linear map v i—> — u on V extends to an 
automorphism x G Aut(C^(y,^)) satisfying x^ = id^/ given by 

X{Vi...Vr) := {-iyVi...Vr. 

This operator gives the Z 2 -grading 

C£{V,g) =:C£\V,g)®C£\V,g). 

2. Reversal: take A = C£(V,g)°P, the opposite algebra. Then the map v v, considered 
as the inclusion V ^ A, extends to an antiautomorphism a a' oi C£{V,g), given by 
{VIV2. ..Vry :=Vr...V2Vi. 

3. Complex conjugation: the complexification of C£{V,g) is C£{V,g) (g)R C, which is iso¬ 

morphic to C£{V^,g^) as a C-algebra. Now take A to be C£(V,g) (g)R C and define 
f: V V : ^ ^ A (a real-linear map). It extends to an antilinear automor¬ 

phism of A. 

4. Adjoint: Also, a* := (a)' is an antilinear involution on C£{V,g) (gjR C. 

5. Charge conjugation: xja) := x{d) : Vi.. .Vr ^ { — iyv \...is an antilinear automor¬ 
phism of C£{V,g) (g)R C. 

From now on, n = Im for n even, n = 2m-\-l for n odd. We take Cl(y) = C£{V,g) (g)]R C 
with g always positive definite. Suppose {ei,... ,e„} is an oriented orthonormal basis for 
{V,g). If e'^ = Yy=ihjkej with H^H = 1„, then e[.. .e'„ = (detH) e\ ...£«, and detH = ±1. 
We restrict to the oriented case detH = -\-l, so the expression eie 2 .. .e„ is independent of 
{ei,e 2 ,...,e„}. Thus 

7 := {-i)’”eie2...e„ 

is well-defined in Cl(y). Now 


and 


n{n — 1) 

2 


m{ 2 m — 1), 
{ 2 m l)m, 


n even I 

> = m mod 2, 
n odd I 


so 7* = 7. But also 7*7 = (cn .. ■e2ei){eie2 ...£«) = (-Fl)” = 1 , so 7 is "unitary". Hence 
7^ = 1 , so are "orthogonal projectors" in CljV). 
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Since yej = ( — 1)” ^£j7, we get that if n is odd, then 7 is central in Cl(y); and for n even, 
7 anticommutes with V, but is central in the even subalgebra Ci^{V). Moreover, when n 
is even and v e V, then jvj = —v, so that 7(')7 = X ^ Aut(Cl(y)). 

Proposition 2.5. iflST The centre ofC.\{V) is Cl ifn is even; and it is Cl 0 C7 ifn is odd. 

2.2 Clifford algebra bundles 

A real vector bundle E —)• M is a Euclidean bundle if, with £ = r{M,E^), there is a 
symmetric A-bilinear form g: £ x £ ^ A = C(M) such thaf 

1. g{s,t) G C(M;]R) when s,t lie in r(M,E) —the real sections; 

2. g{s,s) > 0 for s e r(M, E), with g(s,s) = 0 s = 0. 

By defining (s 1 1) := g{s*, t), we gef a hermitian pairing with values in A: 

• (s I f) is A-linear in t; 

• (f I s) = (s I f) G A; 

• (s I s) > 0 , with (s I s) = 0 => s = 0 in E; 

• (s I ta) = (s I f) fl for all s,t G £ and a E A. 

These properties make £ a (right) C*-module over A, with C*-norm given by 

llsllf := Y^||(s I s)||a for s € £. 

For each x e M, we can form Cl(E;c) := C£{Ex,gx) 0k C. Using the linear isomorphisms 
CTx: C1(Ej:) —> {A*Ex)^, we see that these are fibres of a vector bundle C1(E) —>• M, 
isomorphic to (A'E)*- —> M as C-vector bundles (but not as algebras!). Under (kA)(x) := 
k{x)X{x), the sections of C1(E) also form an algebra r(M,Cl(E)). It has an A-valued 
pairing 

(k I A): X H->■ t(k(x)*A(x)). 

By defining ||k|| := sup^g^ ll'<^(^)llci(£;t)' becomes a C’^-algebra. 

Definition 2.6. FlSl A Clifford module over (M,g) is a finitely generated projective A- 
module, with A = C(M), of the form £ = r(M, E) for E a (complexified) Euclidean 
bundle, together with an A-linear homomorphism c: B —)• r(M, EndE), where B := 
r(M,Cl(T*M)) is the Clifford algebra bundle generated by A^{M), such that 

(s I c{K)t) = {c{k*)s 1 1) for all s,t C £, k e B. 
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2.3 Riemannian geometry 

Let M be a compact C“ manifold without boundary, of dimension n. Compacfness is 
nof crucial for some of our arguments (although it may be for ofhers), but is very con¬ 
venient, since it means that the algebras C(M) and C“(M) are unital: the unit is the 
constant function 1. For convenience we use the function algebra A = C(M) —a com¬ 
mutative C*-algebra— at the beginning. We will change to .4 = C°°(M) later, when the 
differential structure becomes important. Any A-module (or more precisely, a "symmet¬ 
ric A-bimodule") which is finitely generated and projective is of fhe form £ = T{M,E) for 
E —> M a (complex) vector brmdle. Two important cases are 

X(M) = r(M, TcM) = (continuous) vector fields on M; 

A^{M) = r(M, T^M) = (confinuous) 1-forms on M. 

These are dual fo each other: A} (M) = Hom,^ (X(M), A), where Hom,^ means "A-module 
maps" commuting with the action of A (by mulfiplicafion). 

Definition 2.7. | !T8 | A Riemannian metric on M is a symmetric bilinear form 

X(M) X X(M) ^ C(M) 


such thaf: 

1. g{X,Y) is a real funcfion if X, Y are real vector fields; 

2. g is C{Mybilinear. g{fX,Y) = g{X,fY) = f g{X,Y), if / e C(M); 

3. ^(X,X) > for X real, with ^(X,X) =0 ^ X = 0inX(M). 

The second condition entails that g is given by a continuous family of symmefric bilinear 
maps gx ■ T^M x T^M C or gx'- TxM x TxM —)• M; the latter version is positive definite. 


2.4 The existence of Spin‘s structures 

Suppose that n = 2m -|-1 = dim M is odd. If n is odd fhen the fibres of B are semisimple 
but not simple: C1(T*M) = M 2 "i(C) © M 2 ra(C) and we shall restrict to the even subalge¬ 
bras, C1*^(T*M) = M 2 ra(C), by demanding that c{'y) act as the identity in all cases. Then we 
may adopt the convention that 


c{k) := cjx'y) when k is odd. 


Notice here that kj is even; and cjj) = cjj^) = +1 is required for consisfency of fhis rule. 
We fake A = C(M), but for B we now take 


B := 


r(M,Cl(T*M)), 

r(M,Cl°(T*M)), 


if dim M is even, 
if dim M is odd. 


(7) 


The fibres of these bundles are central simple algebras of finite dimension 2^'” in all cases. 
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We classify the algebras B as follows. Taking 


g I { Bx = Cl(r*M) : X e M }, if dimM is even 
= a°(T*M) :xeM}, if dimM is odd 

to be the collection of fibres, we can say that B is a "continuous field of simple matrix 
algebras", which moreover is locally trivial. There is an invariant 

<5(B) e h3(M;Z) 

for such fields, found by Dixmier and Douady The Dixmier-Douady class <5(B) is de¬ 
scribed in IITSl . Now we would like to find a brmdle S —> M such that there are natural 
isomorphisms 

End ,4 (T (M, S)) ^ B; End (T (M, S))^ ^ A. ( 8 ) 

If X e M, take px G Bx to be a projector of rank one, that is, 

Px = P*x = pl and trpx = l. 

On the left ideal Sx '■= BxPx, we introduce a hermitian scalar product 

{axPx I bxPx) ■■= trjpxO-lbxPx)- (9) 


Notice that the recipe 

|^xPx)(^xPx| • CxPx ' t jaxPx)(bxPx) (CxPx) — (^xPxbx)(CxPx) 

identifies £(Sx) —or IC{Sx) in the infinite-dimensional case—with Bx, since the two-sided 
ideal span{ axPxb*x : flx ,bx & Bx} equals Bx by simplicity. 

hollowing proposition gives necessary and sufficient conductions of the existence of the 
globally defined the Hilbert spaces Sx = such that £(Sx) = Bx, for any x G M. 

Proposition 2.8. Let {M,g) be a compact Riemannian manifold. With A = C(M) and B the 
algebra of Clifford sections given by the Dixmier-Douady class 5{B) vanishes, i.e., S{B_) = 0, 
if and only if there is a finitely generated projective A-module S, carrying a self adjoint action of B 
by A-linear operators, such that End^(S) = B. 

Let denote 5 = T (M, S) and = Hom/t(iS, A). Erom the ll8]l it follows that if = 
Hom, 4 (iS, A) then S Oa = B and Since 5** = r(M,S*) where S* —> M 

is the dual vector bundle to S —)• M, we can write this equivalence fibrewise: Sx Oc ^x — 
Endc(iSx) = Bx and then 0Bx <^x — C, for x e M. To proceed, we explain how B acts 
on iStt = HomA(5, A). The spinor module S carries an A-valued Hermitian pairing l|9]l 
given by the local scalar products defined in the construction of S, that may be written 

(fif) : X l-^• (fxifx), for X e M. (10) 

We can identify elements of S^ with "bra-vectors" {f \ using this pairing, namely, we 
define {ip\ to be the map (p {ip \ cp) Cz A. Since A is unital, there is a "Riesz theorem" 
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for A-modules showing that all elements of 5^ are of this form. Now the left B-action is 
defined by 

b{ip\ := {ip\ox{b'). 

Recall that b i—>• is a linear antiautomorphism of B. We also require triviality of the 

second Stiefel-Whitney class k{B) = W 2 {TM) = W 2 {T*M) of the tangent (or cotangent) 
brmdle described in |18j. The condition k:(B) = 0 is hold if 

= S as B-A-bimodules. 

We now reformulate this condition in terms of a certain antilinear operator C; later on, in 
the context of spectral triples, we shall rename it to /. 

Proposition 2.9. fWl There is a B-A-bimodule isomorphism 3“^ = S if and only if there is an 
antilinear endomorphism C of S such that 

(a) C{ipa) = C{f)a for f e S, a ^ A; 

(b) C{bip) = xib) C{ip) for ip e S,b e B; 

(c) C is antiunitary in the sense that {C(p \ Cxp) = {\p \ (p) & A, for (p,ip & S; 

(d) = ±1 on S whenever M is connected. 

The antilinear operator C: S —>5, which becomes an antiunitary operator on a suitable 
Hilbert-space completion of S, is called the charge conjugation. It exists if and only if 
k(B) = 0. What, then, are Spin‘s and Spin structures on M? We choose on M a metric 
(without losing generality), and also an orientation e, which organizes the action of B, in 
that a change e i— > — e induces cjj) i— > —c( 7 ), which either 

(i) reverses the Z 2 -grading of 5 = 0 S~, in the even case; or 

(ii) changes the action on S of each c(a) to —c(a), for a in the odd case 

—recall that c(a) := c(a 7 ) in the odd case. 

Definition 2.10. fTSl Let (M, e) be a compact boundaryless orientable manifold, together 
with a chosen orientation e. Let A = C(M) and let B be specified as before (in terms 
of a fixed but arbitrary Riemannian metric on M). If ^(B) = 0 in H^(M;Z), a Spin‘s 
structure on (M, e) is an isomorphism class [5] of equivalence B-A-bimodules. If (5(B) = 0 
and if k(B) = 0 in H^(M;Z 2 ), a pair (5,0) give data for a spin structure, when S is an 
equivalence B-A-bimodule such that = S, and C is a charge conjugation operator on S. 
A Spin structure on (M, e) is an isomorphism class of such pairs. A vector bundle S M 
such that S = T(M, S) is said to be the spinor bundle. 

2.5 The Spin connection 

We now leave the topological level and introduce differential structure. Thus we replace 
A = C(M) by A = C°°(M), and continuous sections Tcont by smooth sections Tgjnooth- 
Thus S = rgjnooth(^/S) will henceforth denote the A-module of smooth spinors. 
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Our treatment of Morita equivalence of unital algebras passes without change to the 
smooth level. We can go back with the functor — Oc~(M) C(M), if desired. 

Definition 2.11. 1181 A connection on a (finitely generated projective) .A-module £ = 

T{M,E) is a C-linear map V: t A^{M) ®j\^£ = r(M, T*M O E) = A^{M,E), satisfying 

the Leibniz rule 

^ (/s) = d/ O s + / Vs. 

It extends to an odd derivation of degree +1 on A*{M) £ = r(M, A*T*M O £) = 

A*{M,E) with grading inherited from that of A*{M), leaving £ trivially graded, so that 
V(m A (j) = doj Aa + ( —A Vu for m e A*{M), a e A*{M,E). 

Definition 2.12. flSI If £ an .4-moduIe equipped with an ^-valued Hermitian pairing, 
we say that a connection V on E is Hermitian if 

(Vs 11) + (s I Vt) = d (s 11), or, in other words, 

(Vxs 11) + (s I Vxf) = X (s 1 1), for any real X 6 X(M). 

If V, V' are connections on £, then V' — V is an .4-moduIe map: (V' — V)(/s) = /(V' — 
V)s, so that locally, over U C M for which —)• U is trivial, we can write 

V = d + a, where a E A^{U, EndE). 

Fact 2.13. 118l On X(M) = r(M, TM) there is, for each Riemannian metric g, a unique 
torsion-free connection that is compatible with g: 

y(VX,Y)+y(X,VY) =d(y(X,Y)) forX,YeX(M), or 

y(VzX,Y) +y(X,VzY) = Z{g{X,Y)) for X,Y,Z e X(M). 

The explicit formula for this connection is 

2y(VxY, Z) = X{g{Y, Z)) + Y{g{X, Z)) - Z(g{X, Y)) 

+ g{Y, [Z, X]) + y(Z, [X, Y]) - y(X, [Y, Z]). (11) 

It is called Levi-Civita connection associated to g. (The proof of existence consists in showing 
that the right hand side of this expression is Zl-Iinear in Y and Z, and obeys a Leibniz rule 
with respect to X, so it gives a connection; and uniqueness is obtained by checking that 
metric compatibility and torsion freedom make the right hand side automatic.) 

The dual connection on A}{M) will also be called the "Levi-Civita connection". At the 
risk of some confusion, we shall use the same symbol V for both of these Levi-Civita 
connections. 

Definition 2.14. 1181 On a spinor module S = T(M, S), a spin‘s-connection is any Hermi¬ 
tian cormection V®: S —>• A}{M) Oyi S which is compatible with the action of B in the 
following way: 

{c{a)ip) = c{Vci)ipc{a)V^ip for a E A^{M), ip E S) or 
Vx{c{oi)ip) = c(Vxa)!/’+ c(a)Vx!/’ for a E A^{M), f E S, X E X(M), (12) 


21 


where Va and Vx^ refer to the Levi-Civita connection on A^{M). 

If {S,C) are data for a spin structure, we say is a spin connection if, moreover, each 
Vx: S —> iS commutes with C whenever X is real. 


\/^{c{a)ip) = c(Va)ip + c(a)V®!p. 

Proposition 2.15. If {S,C) are data for a spin structure on M, then there is a unique 
Hermitian spin connection : S —)• A}{M) ( 8)_4 S, such that 

V^{c{oi)xp) = c(Va:)!/; + c(a)V®i/’, for oc e A^{M), ip E S, 

and such that V|-C = CV^for X E X(M) real. 


2.6 Dirac operators 

Suppose we are given a compact oriented (boundaryless) Riemannian manifold (M, e) 
and a spinor module with charge conjugation (S, C), together with a Riemarmian metric 
g, so that the Clifford action c: B ^ Endyi(iS) has been specified. We can also write it as 
c E Hom_ 4(6 (g)^ S,S) by setting c{k ig> xp) := c{k) ip. 

Definition 2.16. IflSl Using the inclusion A^{M) ^ B —where in the odd dimensional 
case this is given by c(a) := c{(x.j), as before— we can form the composition 

If:=-icoV^ (13) 


where 

5 ^ ^i(M)(g^5 A 5, 

so that f? : 5 —)• 5 is C-linear. This is the Dirac operator associated to {S, C) and g. 


The {—i) is included in the definition to make If symmetric (instead of skewsymmetric) 
as an operator on a Hilbert space, because we have chosen g to be positive definite, that 
is, + ryPryOL _ Historically, If was introduced as —i^tAji = j^Pfi where the 

Pji are components of a 4-momentum, but in the Minkowskian signature. 

Using local (coordinate or orthonormal) bases for X(M) and A^{M), we get nicer formu¬ 
las: 


Ifxp = —icCV^xp) = —i c{dx^)V^.ip = —ij'^V^^ip. (14) 

The essenfial algebraic properly of If is fhe commutation relation: 


[If,a] = -ic{da), for all aEA = C“(M). (15) 

Indeed, 

[If ,a] xp = —icfV^{axp)) + iac{'V^xp) 

= —ic{'V^ (axp) — aV^xp) 

=—ic{da®xp) =—ic{da)xp, lorxpES. 
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As an operator, we can make sense of [f?, a] by conferring on S the structure of a Hilbert 
space: if we write det^ := det[g,y] for short, then 


Vg := y/detgdx^ A dx^ A ■ ■ ■ A dx" e A"{M) 

is the Riemannian volume form (for the given orientation e and metric g). In the notation, 
we assume that all local charts are consistent with the given orientation, which just means 
that det[g;y] > 0 in any local chart. The scalar product on S is then given by 

{(p, !/’) / {(p\ !/’) Vg for (p,xpeS. (16) 

JM 

On completion in the norm \\^p\\ y/ (ip, ip), we get the Hilbert space H := L^{M, S) of L^- 
spinors on M. In the even case, B = r(M,Cl(T*M)) contains the operator T = c( 7 ) which 
extends to a selfadjoint unitary operator on H. It is known that (C°°(M), L^{M, S), fZ), C, T) 
(resp. (C°°(M),L^(M, S),ZZ), C)) is a spectral triple in case of even (resp. odd) dimension 

m- 


2.7 Definition of spectral triples 

Definition 2.17. ITS l A (unital) spectral triple {^Z, H, D) consists of: 

• an algebra sZ with an involution a a*, equipped with a faithful representation on: 

• a Hilbert space H; and also 

• a selfadjoint operator D on 71, with dense domain Dom D C H, such that fl(Dom D) C 
Dom D for all a e A, 

satisfying the following two conditions: 

• the operator [D,a], defined initially on DomD, extends to a bounded operator on H, 
for each a e A; 

• D has compact resolvent: (D — A)“^ is compact, when A ^ sp(D). 

For now, and until further notice, all spectral triples will be defined over unital algebras. 
The compact-resolvent condition must be modified if A is nonunital: as well as enlarging 
Al to a unital algebra, we require only that the products a{D — A)“^, for a ^ A and 
A ^ sp(D), be compact operators. 

2.8 The Dixmier trace 

The Dixmier trace is the noncommutative analogue of integral over a manifold. 
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2.18. 1361 The algebra 1C of compact operators on a separable, infnite-dimensional Hilbert 
space contains the ideal of traceclass operators, on which ||T||i = Tr|T| is a norm not 
to be confused with the operator norm ||T||. Let cr„(T) be such that 

P'n(T) = sup {||TP„||i I is a projector of rank n} 

There is a formula [?], coming from real interpolation theory of Banach spaces: 

crn{T) = {inf{||i^||i +n||S|| \ R,S e 1C, R +S = T} . 

If T € M is a compact operator then can be defined as 

n 

i=l 

1 /9 

where {A,},gjv/ is a decreasing ordered set of the operator (T*T) ' eigenvalues, i.e. Ai > 
A 2 > > A„ > .... We can think of cr„(T) as the trace of |T| with a cutojf at the scale n. 

This scale does not have to be an integer; for any scale A > 0, we can define 

nA(T) =inf{||K||i+A||S|| \ R,S e IC, R +S = T} . 

If 0 < A < 1, then Ua(T) = A||T||. If A = m + f with 0 < f < 1, one checks that 

nA(T) = (l-f)u(T) + fu„+i(T), (17) 

so A H-)• (7 a(T) is a piecewise linear, increasing, concave function on (0,1). 

Each cr\ is a norm by iflTt . and so satisfies the triangle inequality. It is proved in l36l 
that for posifive compact operators, there is a triangle inequality in the opposite direction: 

(Ta{A) + < (Tx+fi{A + B); if A,B > 0. (18) 

It suffices to check this for integral values X = m, pi = n. If Pm, Pn are projectors of 
respective ranks m, n, and if P = Pm C Pn is the projector with range PmH + PnH, then 

||AP,„||i + ||BP„||i = Tr{PmAPm) + Tr{PnBPn) < Tr{PiA + B)P) < ||(A + B)P\\i, 

and ITSl l follows by taking supremum over Pm, Pn- Thus we have a sandwich of norms: 

c^AiA + B) < ua(A)+£7-a(B) < U2a(A + B) if A,B > 0. (19) 

2.19. l36l The Dixmier ideal. The 

first-order infinitesimals can now be defined precisely as the following normed ideal of 
compact operators: 

£‘+ = |t£K|||T||,+ =suP^<o»}, 
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that obviously includes the traceclass operators C}. (On the other hand, if p > 1 we 
have C O’, where the latter is the ideal of fhose T such thaf Tr|T|P < 1, for which 
o'\{T) = 0(A^~^/f).) If T e the function A i—> (7\{T)/ log\ is continuous and 

bounded on the interval [e, oo), i.e., it lies in the C*-algebra [e, oo). We can then form the 
following Cesaro mean of fhis function: 




(JuiT) du 
log A Je log U U 

Then A i—> T\{T) lies in Cf,[e, oo) also, with upper bound ||T||i 4 .. From ifT^ we can derive 
that 

Ta(A) + ta(B) - ta(A + B) < (||A||i+ + ||B||i+) log2-°S^°§^ 


log A 


so that is "asymptotically additive" on positive elements of 


We get a true additive functional in two more steps. Firstly, let t(A) be the class of A i—)• 
t\{A) in the quotient C*-algebra B = Cf,[e, oo)/Co[e,oo). Then t is an additive, positive- 
homogeneous map from fhe positive cone of info B, and t[UAU~^) = t{A) for any 
unitary Lf; therefore if extends to a linear map t : —>• B such that t(ST) = t(TS) for 

T G and any S. 


Secondly, we follow t with any state (i.e., normalized positive linear form) co : B ^ C. 
The composition is a Dixmier trace: 


Tr^(T)=a;(t(T)). 

2.20. The noncommutative integral. Unfortunately, the C*-algebra B is not separable and 
there is no way to exhibit any particular state. This problem can be finessed by noticing 
thaf a function / G Cj,[e, oo) has a limif limA_>oo/(A) = c if and only if co{f) = c does not 
depend on co. Let us say that an operator T G is measurable if the function A i—)• ta(T) 
converges as A —)• oo, in which case any Trt,;(T) equals its limit. We denote by the 
common value of the Dixmier traces: 

-f T = lim ta(T) if this limit exists. 

J A —^00 

We call this value the noncommutative integral of T. 

Note that if T G AT and (7n(T)/logM converges as n ^ oo, then T lies in £^'^ and is 
measurable. 

Example 2.21. Commutative case. Let M be a compact spin-manifold, and let g be the 
Riemannian metric 1361 . There is the Riemannian volume form O given by 

n = det^(x)dx^ A ... A dx". 
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It is proven in |36i| that for any a 6 C(M) following equation hold 

/ n /^, if dimM = 2m is even, 

Jm I (2m + if dimM = 2m + 1 is odd. 

2.9 Regularity of spectral triples 

The arguments of the previous section are not applicable to determine whether [ | D |, a] 
is bounded, in the case r = 1. This must be formulated as an assumption. In fact, we shall 
ask for much more: we want each element a ^ A, and each bounded operator [D,a] too, 
to lie in the smooth domain of the following derivation. 

Notation. We denote by 5 the derivation on B{'H) given by taking the commutator with 
IDI. It is an unbounded derivation, whose domain is 

Dom^ := { T € B{'H) : T(Dom |D|) C Dom |D|, [|D|, T] is bormded }. 

We write S{T) := [|D|, T] for T € Dom(5. 

Definition 2.22. ITSl A spectral triple {A,'H,D) is called regular, if for each a & A, the 
operators a and [D,a] lie in fltcN Domi?*^. 

Corollary 2.23. ifl^ The standard commutative example {C^(M), {M, S), IJ)) is a regular 

spectral triple. 

2.10 Pre-C’^-algebras 

If any spectral triple {A,'H,D), the algebra .A is a (unital) *-algebra of bounded op¬ 
erators acting on a Hilbert space Tl [or, if one wishes to regard A abstractly, a faithful 
representation n: A —)• B{TL) is given]. Let A be the norm closure of A [or of ti{A)] in 
B(?f): it is a C*-algebra in which .A is a dense *-subalgebra. 

A priori, the only functional calculus available for A is the holomorphic one: 

/(«) := ^ /^/(A)(A1 - a)-i d\, (20) 

where T is a contour in C winding (once positively) around sp(fl), and sp(fl) means the 
spectrum of a in the C*-algebra A. To ensure that a Cz A implies f{a) € A, we need the 
following property: 

If fl G .A has an inverse a~^ G A, then in fact a~^ lies in A (briefly: A H A^ = A^, where 
.A^ is the group of invertible elements of A). If this condition holds, then ^p/(A)(Al — 
a)~^ d\ is a limit of Riemannian sums lying in A. To ensure convergence in A (they do 
converge in A), we need only ask that A be complete in some topology that is finer than 
the C*-norm topology. 

Definition 2.24. [TBj A pre-C*-algebra is a subalgebra of of a C’^-algebra A, which is 
stable under the holomorphic functional calculus of A. 
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If ^ is a nonunital algebra, we can always adjoin a unit in the usual way, and work with 
A := C 0 ^ whose unit is (1,0), and with its C*-completion A := C 0 A. Since the 
multiplication rule in A is (A, a) {fi, b) := (Afi, jia + Xb + ab), we see that l-\- a := (1, a) is 
invertible in A, with inverse (1,1^), if and only ii a+ b + ab = 0. 

Lemma 2.25. (18^ If A is a unital, Frechet pre-C*-algebra, then so also is Mn {A) = Mn (C) 0 A. 

Lemma 2.26. The Schwartz algebra iS(]R”) is a nonunital pre-C*-algebra. 

We state, without proof, two important facts about Frechet pre-C*-algebras. 

Fact 2.27. ITSl If is a Frechet pre-C*-algebra and A is its C*-completion, then Kj{A) = 
Kj(A) for j = 0,1. More precisely, if i: t A is the (continuous, dense) inclusion, then 

f*: Ky(Al) —t Kj(A) is an surjective isomorphism, for ) = 0 or 1. 

This invariance of K-theory was proved by Bost [?]. For Kq, the spectral invariance plays 
the main role. For Kj, one must first formulate a topological Ki-theory is a category 
of "good" locally convex algebras (thus whose invertible elements form an open subset 
and for which inversion is continuous), and it is known that Frechet pre-C*-algebras are 
"good" in this sense. 

Fact 2.28. [ISj If {A,1-1,0) is a regular spectral triple, we can confer on A the topology 
given by the seminorms 

qkia) := \\S’'{a)\\, q[{a) := \\S’'{[D,a])\\, for each k e N. (21) 

The completion As of A is then a Frechet pre-C*-algebra, and [As, H,D) is again a regular 
spectral triple. 

These properties of the completed spectral triple are due to Rermie [?]. We now discuss 
another result of Rennie, namely that such completed algebras of regular spectral triples 
are endowed with a functional calculus. 

Proposition 2.29. ifl^ If {A,H,D) is a regular spectral triple, for which A is complete in 
the Frechet topology determined by the seminorms (|2l), then A admits a -functional calculus. 
Namely, if a = a* ^ A, and iff: IR —t C is a compactly supported smooth function whose support 
includes a neighbourhood ofsp{a), then the following element f{a) lies in A: 

/(«) ■= ^ f /(s) exp(isfl) ds. (22) 

2tz Jr 

Before showing how this smooth functional calculus can yield useful results, we pause for 
a couple of technical lemmas on approximation of idempotents and projectors, in Frechet 
pre-C*-algebras. The first is an adaptation of a proposition of [?] 

Lemma 2.30. UlSi Let A be an unital Frechet pre-C*-algebra, with C*-norm || ■ ||. Then for 
each £ with 0 < e < ^, we can find 3 < e such that, for each v C A with ||z^ — v^\\ < 6 and 
||1 — 2z;|| < 1 0 <5, there is an idempotent e = e^ & A such that \\e — z^|| < e. 
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Lemma [2.30l says that in a unital Frechet pre-C*-algebra A, an "almost idempotent" v (z A 
that is not far from being a projector (since ||1 — 2z;|| is close to 1) can be retracted to a 
genuine idempotent in A. The next Lemma says that projectors in the C*-completion of A 
can be approximated by projectors lying in A. 

Lemma 2.31. illgf Let A be an unital Frechet pre-C*-algebra, whose C*-completion is A. If 
q = = q* is a projector in A, then for any e > 0, we can find a projector q = q^ = q* E A 

such that \\q — q\\ < e. 

2.11 Real spectral triples 

Recall that a spin structure on an oriented compact manifold (M, e) is represented by 
a pair {S,C), where 5 is a 6-.4-bimodule and C: S —t 5 is an antilinear map such 
that C{ipa) = C{ip)a for a E A; C{bip) = x{b)C{ip) for b E B; and, by choosing a 
metric g on M, which determines a Hermitian pairing on S, we can also require that 
{C(p\Cip) = {(p\f) E A for (p,f) E S. S maybe complefed to a Hilbert space FL = L^(M, S), 
with scalar product {(p\f) = It is clear that C extends to a bounded antilinear 

operator on FL such that {Cep \ Cep) = {ip\(p) by integration with respect to Vg, so that (the 
extended version of) C is antiunitary on FL. There are fwo tables of signs 


n mod 8 

13 5 7 

= ±1 

CB> =±I?C 

- -H - -h 


n mod 8 

0 2 4 6 

= ±1 

CB> =±U>C 

CT = ±rc 

-6 - - -6 

-h -h -h -h 

-6 - -6 - 


where n is a dimension of spin manifold (See flSj for details). 

Definition 2.32. [TSl A real spectral triple is a spectral triple {A,FL,D), together with an 
antiunitary operator J: FL ^ FL such that /(DomD) c DomD, and [a,}b*}~^] = 0 for all 
a,b E A. 

Definition 2.33. (TSl A spectral triple {A,FL,D) is even if fhere is a selfadjoint unitary 
operator T on If such that al = Ta for all a E A, r(Dom D) = Dom D, and DT = —TD. If 
no such Z 2 -grading operator T is given, we say that the spectral triple is odd. 

We have seen that in the standard commutative example, the even case arises when the 
auxiliary algebra B contains a natural Z 2 -grading operator, and this happens exactly when 
the manifold dimension is even. Now, the manifold dimension is determined by the spectral 
growth of the Dirac operator, and this spectral version of dimension may be used for 
noncommutative spectral triples, too. To make this more precise, we must look more 
closely at spectral growth. 
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2.12 Geometric conditions on spectral triples 

We begin by listing a set of requirements on a spectral triple {A, D), whose algebra A 

is unital but not necessarily commutative, such that [A, T-L, D) provides a "spin geometry" 
generalization of our "standard commutative example" (C°°(M), L^{M, S), I?). Again we 
shall assume, for convenience, that D is invertible. 

Condition 1 (Spectral dimension). There is an integer n € {1,2, ...}, called the spectral 
dimension of {A,'H,D), such that |D|^^ E and 0 < Tra;(|D|“”) < oo for any 

Dixmier trace Tr^,,. 

When n is even, the spectral triple {A,'H,D) is also even: that is, there exists a selfadjoint 
unitary operator T £ B(^) such that r(DomD) = DomD, satisfying aT = Ta for all 
a E A, and DT = —TD. 

Condition 2 (Regularity). For each a E A, the bounded operators a and [D, a\ lie in the 
smooth domain njc>i Dom^*^ of the derivation S: T i-E [|D|,T]. 

Moreover, A is complete in the topology given by the seminorms qj^: a i—> ||^*^(fl)|| and 
q'f.: a i-E ||^*^([D,fl])||. This ensures that .4 is a Frechet pre-C*-algebra. 

Condition 3 (Finiteness). The subspace of smooth vectors := flitGiN Dom is a finitely 

generated projective left .4-module. 

This is equivalent to saying that, for some N E N, there is a projector p = p^ = p* 
in Mn(. 4) such that = A^p as left .4-modules. 

Condition 4 (Real structure). There is an antiunitary operator / : —)• satisfying 

fi = ±1, }D}~^ = ±D, and /F = ±F/ in the even case, where the signs depend only on 
n mod 8 (and thus are given by the table of signs for the standard commutative examples). 


n mod 8 

13 5 7 

= ±1 

}D = ±DJ 

- 


n mod 8 

0 2 4 6 

/2 = ±1 

JD = ±DJ 

JT = ±F/ 

- 


Moreover, b i—> }b*} ^ is an antirepresentation oi A on l-L (that is, a representation of the 
opposite algebra A°^), which commutes with the given representation of A: 

[a,Jb*}~^] = 0, for all a,b E A. 

Condition 5 (First order). For each a,b E A, the following relation holds: 

[[D,a],fb*}-^] = 0, for all a,b E A. (23) 

This generalizes, to the noncommutative context, the condition that D be a first-order 
differential operator. 
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Since 


[[D,a]Jb*r^] = [[DJb*r%a] + [D,[ajb*r% 

=0 

this is equivalent to the condition that [a, [D,}b*}~^] = 0. 


Condition 6 (Orientation). There is a Hochschild n-cycle 


= E;(«; 




) o 


)a” e Z„{A,A(E)A°P), 


such that 


710 ( 0 ) ^ [D,a]]... [D,aJ] = |' 

' > > I I I 1, if n 1 


r, if n is even, 
is odd. 


(24) 


In many examples, including the noncommutative examples we shall meet in the next 
two sections, one can often take b^ = 1, so that c may be replaced, for convenience, by 
the cycle fly O O • • • O a” € Z„{A,A). In the commutative case, where = A, this 
identification may be justified: the product map m: A^ A ^ A is a homomorphism. 

The data set (.4, "H, D;r or 1,/, c) satisfying these six conditions constitute a "noncommu¬ 
tative spin geometry". In the fundamental paper where these conditions were first laid 
out ni l, Cormes added one more nondegeneracy condition (Poincare duality in X-theory) 
as a requirement. We shall not go into this matter here. 


3 Topological constructions 

This section is concerned with a topological construction of an infinitely listed covering 
projection from finitely listed ones. 

3.1. Let T” be a second-countable Il27l locally compact cormected Hausdorff space, and let 

X = Xo^ Xn^ ... (25) 

be a sequence of finitely listed covering projections. Let {G„ = G {Xn\X)}^^f^ be groups 
of covering transformations. Let X = i^m Xn, G = ]^m Gn be inverse limits. The group 
G has a topology defined by subgroups of finite index Il25l . Let G be a discrete group 
algebraically isomorphic to G. For any x £ A” let us define a map (px ■ G ^ X he given by 
g gx. We define a topological space X as the set X with the final topology 0 such that 
the identical map Id : X ^ X, and maps qJx for any x £ A” are continuous. Action of G 
on X is free and properly discontinuous, so there is a natural regular covering projection 
H : X —)• A”. Let A” be a connected component of X, and let G C G be a maximal subgroup 
such that 

GX = A^. (26) 

For any g e G a subgroup ^G^“^ satisfies to ll26ll . i.e. ^G^“^ = G, whence G is a normal 
subgroup. Any cormected component of a covering space is also a covering space, there¬ 
fore 71 = 711^:4^—^A’isa covering projection and X k, X / G, i.e. A” —> A” is a regular 
covering projection. 
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Definition 3.2. The space X is said to be a disconnected covering space of the sequence l l25l l, 
and the space X is said to be a connected covering space of the sequence (l25l . 

Definition 3.3. IfTOl Let p : X ^ X he a (topological) covering projection. A fundamental 
domain of G is an open connected set T) d X such that 

(a) 

p{d{V)) = X (27) 


(b) 

= 0 for any nontrivial g E G. (28) 

Remark 3.4. The condition (a) of the Definition 13.31 is equivalent to 

.T= [jgd{V). 

gec 

Remark 3.5. IfTOl When considering a Riemannian covering M —> M one may construct a 
fundamental by following way. For any point x E M there is the cut loci, which is an open 
set Ojf c M such that M\nx is a set of measure 0 ITO l. It means that In^ ^ (M) and 

In, = 1 m. (29) 

From tTOl it follows that for any x E p~^ (x) there is the natural connected open subset 
Oy which is mapped homeomorphically on O;!: and 

E Xln, = lM' (30) 

^eG(M|M) 

The definition of the cut loci is contained in ITOll . 

Definition 3.6. Let X -E X he a topological covering projection. A finite or countable 
family {if, C X}^^j of cormected relatively compact open sets, such that 

1 . 


if,' is evenly covered by tt ^ [Ui), 

(31) 

if, = if is a locally finite covering. 

(32) 

lei 


U if, 7^ A”; Wo e L 

(33) 

(e7\{;o} 



is said to be a fundamental covering oi X -E X. Let us select a single connected subset 
U, C X which is mapped homeomorphically onto if, , and we require that the union 
U,g 7 ^; is a cormected set. The family |if, C ^”1 is said to be a basis of the fundamental 
covering. 
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Definition 3.7. Let n •. X X he a covering projection and let Zf C Af be a connected 
open set which is mapped homeomorphicaly onto U = n If <p e Cq (AZ) is such that 

cp[X\U) = {0} then a function cp ^ Cq (x'] given by 


cp{x) 


cp {n {x)) X e U 
0 x^U 


is said to be the lA-lift of q). Otherwise if ^ G 
function cp ^ Co{X) given by 


Co (^X^ is such that cp ^X\u'^ = {0} then a 


J <p x^U,x^U,n{x)=x 
\ 0 xiU 


is said to be the descent of cp on X. 

Definition 3.8. Let C AZ | be a basis of the fundamental covering of tt : AZ —> AZ. Let 
— ^Ci,{x) a partition of unity dominated by |7f (Ui^ | ^ , and let di e Cq ^AZ^ 
be the lArhti of flj for any / G I. A partition of unity given by 

^cJx) = E = E (34) 

g^G iGl (^/)€Gx7 


where G = G (^X \ X^ and = gHi is said to be dominated by Y^i^jai = fci,{X)- 
say that l l34l l is the partition of unity is dominated by |zf( | 

3.9. Let ^[1^0] • [0/ 4] [0/ 4] 4>e a continuous function such that 



X < 
X = 


1 

2 


1 . 


Let n \ X —> AZ be a covering projection such that AZ is a locally compact metric space. 
For any x G AZ there is r > 0 such that the set Zf = |y G AZ | 5isi (y,x) < r| is mapped 
homeomorphicaly on if ^ZZ^ There is a function cp^-^ G Cq ^AZ^ given by 


‘P[i,o] = 


I 


y eU 

yiU. 


(35) 


There is an open neighborhood V = |i/ G AZ | 5isi (y, x) < ^ | of x such that qj ^Vj = 

{4}. 

Definition 3.10. A quadruple (g,(p^^ qj,ZZ, is said to be a test function subordinated to n. 
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3.11. If M is a C^-manifold then we can define smooth test functions. Let us select a 
function g] • [0/1] [0/1] such that following conditions hold Let g] • [0/1] [0/1] 

be a continuous function such that 

r 1 x<i 

</’[l,0] (^) = < 

I 0 X > |. 

If TT : M —)• M is a covering projection then any point x G M has an open neighborhood 
X E U C M such that 

1. There is an infinitely differentiable diffeomorphism xp : U —)■ M”. 

2. The restriction n\Q : U —>■ n is a homeomorphism. 

Suppose that xp is such that xp = 0 G IR", and let || ■ Hrk be a norm on R” given by 


Xi 


= x/x\ + ... + xl. 


R« 


Let us introduce a C°° function gj : M —t IR given by 


_ f <?[1,0] iU (^OIIe") y e u 

?’[i,o]W-| 0 yiU. ^ ’ 

Ify={yeQ| \\xp{^\\^„<l}thencpl^^(v)={l}. 

Definition 3.12. In the situation 13.111 a quadruple ^x,(p^.^QyU,v'j is said to be a C” test 
function subordinated to n. 

Definition 3.13. Let X, y be Hausdorff spaces, and let {if, C by a family of open 

sets such that X = U,g 7 ifi- A family of continuous maps : if, —t 3^ is said to be coherent 
if coherent sequence there is the unique continuous map 

cp : X ^ y such that \/i E 1. The map cp is said to be the gluing of {(p^‘}^^j. 

Let denote by ^ = ©luing ( the gluing of 


4 Noncommutative covering projections 

In this section I follow to the ca. 
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4.1 Finite case 


Definition 4.1. flTl If A is a C*-algebra then an action of a group G is said to be involutive 
if ga* = {ga)* for any a ^ A and g & G. 

Definition 4.2. HTTI If B C A is an inclusion of C*-algebras, G is a finite group with an 
involutive action on A such that B = A^, then there is a B-valued sesquilinear product on 
A given by 

{a,b)A = E 

geG 

The structure of Hilbert B-module A is said to be the induced by G-action. 


Remark 4.3. The Definition 14.21 complies with the Theorem II.171 

Definition 4.4. IflTl Let tt : A —> A be an injective ’^-homomorphism of C*-algebras, and 
let G be a finite group such that following conditions hold: 

1. There is an involutive continuous action of G on A such that A*^ = A; 

2. Ac 1C (^Aa^ where structure of Hilbert A-module A a is induced by G-action; 

3. There is a finite or countable set I and indexed by I subsets {biji^i C A such 


that 


E«.(*)= V ■, 

1 ^ G IS not trivial 


lei 


where the sum of the series means the strict convergence |3|. 


(37) 


Then n is said to be a finite noncommutative covering projection, G is said to be the covering 
transformation group. Denote by G(A|A) = G. The algebra A is said to be the covering 
algebra, and A is called the base algebra of the covering projection. A triple ^A, A, G^ is 
also said to be a noncommutative finite covering projection. 

Remark 4.5. The article IITTI contains the comprehensive foundation of the Definition 14.41 

Definition 4.6. Let ^A,A, G^ be a noncommutative finite covering projection. Algebra A 
is a finitely generated projective Hilbert A-modules with induced by G-action sesquilinear 
product given by 

{^^b)^ = j^J2g{a*b) (38) 

1^1 geG 

We say that the structure of Hilbert A-module is induced by the covering projection ^A, A, G^. 
Henceforth we shall consider A as a right A-module. 
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4.7. Let (^A, A, be a noncommutative finite covering projection. IfaGA then a = a + p 
where a = ^ YLgecS^ p = a — a. It is clear that J^g^cSP ~ ^ and for any G-invariant 
b ^ A we have 

1 ~ 

{^’V)a = E^P = 0- 
I I geG 

Otherwise the set of G-invariant elements is just a sublagebra A c A. So A a can be 
decomposed into the direct orthogonal sum, i.e. 

Aa = A (B P', A ± P ,i.e. {b,p);^ = 0; for any a e A- p e P. (39) 

Example 4.8. Finite covering projections of the circle S^. There is the universal covering 
projection tt : IR —t S^. Let ZTi, ZT 2 C IR be such that 

= (-71-1/2,1/2), U 2 = (-1/2,71+1/2). (40) 

For any i e {1,2} the set Ui = n{Ui) C is open, cormected and evenly covered. 
Since = Ui\JU 2 there is a partition of unity dominated by {hii}i^{ig} m, i.e. 
fl; : —t [ 0 , 1 ] are such that 

afx) >0 X eUi , , 

afx) =0 x^Ui ' ^ 

and «! + fl 2 = lc(si)' i^^om the Proposition 11.381 is follows that we can select smooth 
partition of unity, i.e. fli,fl 2 £ C°°(S^). If £ 1,62 G C“(S^) are given by 


then 

If ej. e Co(]R) are given by 
efx) 


£/ — \f^i) I — 1 / 2 ; 
{e\f + (£2)^ = lco(si)- 


e,.(7r(x)) > 0 
0 


X €: lAi 

xiUi 


; ie {1,2} 


(41) 


(42) 


then there is a pointwise (=weak) convergence of the following series 

E " = lCi,(IR)=M(Co{IR))' 

where n ■ — means the natural action of G(]R|S^) w Z on Co(]R). Let tt" : A}, —> be an 
M-listed covering projection then G(A’n|S^) ~ Z,j. It is well known that Xn ~ but we 

use the X„ notion for clarity. There is a sequence of covering projections IR —> A), —> S^. 
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If W" = 7 t' 
given by 

then 


then hi" r\gU'^ = 0 for any nontrivial g e G(X„,S^). If e” e C(Af„) is 
<(.««) = { 6 ( 1 , 2 } ( 43 ) 


g{eff - lcQ(Xn)' 


E 

ie{l,2}; geG(^„,Sl) 
e'iige’i) =0; for any notrivial g e G(A’„|S^) 


If I„ = G{X„\S'^) X {1,2} and 


where l= {g,i) e !„ 


(44) 


then 


r P"(crp") = I ^ e G{Xn\S'^) is trivial 

' 1 0 ^eG(A’„|Si)isnottri 


trivial 


(45) 


So a natural ’^-homomorphism n : C(S^) —)• C{Xn) satisfies the condition 3 of the Defini- 
tion 14.41 Otherwise C{Xn) ~ C(S^)” as C(S^)-module, i.e. C{Xn) is a finitely generated 
projective left and right C(S^)-module. So a triple (Co(S^),Co(d:’ji),Z„) is a finite non- 
commutative covering projection. 

Example 4.9. Finite covering projections of locally compact spaces. The Example 14.81 can be 
generalized. Let n : X X he a topological finitely listed covering projection such 
that T’ is a second-cormtable locally compact Hausdorff space. Suppose that both X 
and X are connected spaces. There is an involutive continuous action of the covering 
transformation group G = G (^X\X^ onCo^T’^ arising from the action of G on X, and 

Cq (X) = Cq , i.e. condition 1 of the Definition 14.41 hold. Let C T”! be a basis 
of the fundamental covering, and let ~ '^gecTLieiS^i = T,{g,i)eGxi^{g,i) be a partition 

is given by 


of unity dominated by If e{g,,) e Co (t”) 

^{gA) = V^' 

1m(Co(T)) Gis trivial 
} 0 y e G is not trivial 

So condition 3 of the Definition 14.41 hold. If ^ € Cq is any function then 


(46) 


then 


E ^{g',‘) 

{g',i)eGxi 


E ^‘^{g,‘f(gA) ^\l^{gA)\l‘^{gAf(gA) 

(g,i)€GxI 
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and from above equation and definition of it follows that 



i.e. (p is an infinite sum of rank one operators. The sum is norm convergent, whence 
CD ^ K, [ Co {X\ I, and condition 2 of the Definition |1]4] hold. So all conditions of the 

definition |4j4] hold, whence the triple ^Cq (<T’),Co ,G is a finite noncommu- 

tative covering projection. 

Example 4.10. A finite covering projection of a noncommutative torus. A noncommutative 
torus Il36l Ag is an universal unital C*-algebra generated by two unitary elements {u,v € 
U{Ag)) with one relation given by 

uv = e^^%u, (9 e ]R\Q). (47) 


Let n : Ag ^ Ag/ be a ’^-homomorphism such that: 

• There are m,n,k E IN such that 9' = 

• Ag: is generated by Um,Vn E U{Agi) and ft is given by 

M M™; u vl- (48) 


There is a continuous involutive action of G = Zm x Zn on Ag: given by 

Imp 2nic] 

{p,q) Urn = Ume~, {p,q) v„ = v„e~-, V {p,q) e G = Z^ x Z„, 

and Ag = A^,, i.e. the condition 1 of the Definition 14.41 hold. If {ef and are 

given by (l44t then from ll45ll it follows that 


^ e'f{um)(ke'f{u,n)) (resp. ^ e;'(u„) (ke”(u„)) J = 

l^lm \ IG In / 

= t ^ n"' 7 ^ ^ where k e Zm (resp. k E Z„). 

0 K 7^ 0 


(49) 


U1 = ImX In and {e, e Ag,}^^!, {e[ E Ag,}i^i are given by 

= e’jjiUmje’j^iVn)-, e[ = e” (Z7„)e™(wm); h e Im, l2 e In, I = {1-1,11) e I 
then from ll49] | it follows that 

E f E <(^n)) = E = 1- 

iGl 1-2^ \ / / l2^^n 
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If ^ = (p, q) € Zni X Z„ is such that p 0 then from (|49) it follows that 


E f^’uK) ( E {peT,{un))] {qe\{v„)) 

= E <2(^«)0(^4(^«)) =0- 

If ^ = (p, € Zm X Z„ is such that p = 0 and q ^ 0 then from ||49] | it follows that 



= E = E (^<(^«)) = 0- 

l^lGln 

From above equations it follows that 


E 

iGl, gG'^m 



1 

0 


g G Zffi X Zfi is trivial 
g G Zni X Zn is not trivial 


(50) 


i.e. condition 3 of the Definition 14.41 hold. Otherwise Agi w A™” as right and left Ag 
module, i.e. condition 2 of the Definition 14.41 hold. So the triple {Ag,Agi,Zfn x Zn) is a 
noncommutative finite covering projection. 

Example 4.11. Boring example. Let A (resp. G) be any unital C*-algebra (resp. finite 
group.). Let A = (Bgec^g where Ag ^ A for any g E G. Let G G be the unity 
of Ag. Then A is a finitely generated left and right A-module. Action of G is given by 
^iA ^2 = ^sig 2 - have 

E ~ ^A' 

geG 

E '^AgiS'^Ag) = 0 G G is nontrivial). (51) 

So a triple (A, ©gg^Ag, G) is a finite noncommutative covering projection. This example 
is boring since it does not reflect properties of A and this projection can be constructed 
for any finite group. 

Definition 4.12. A ring is said to be irreducible if it is not a direct sum of more than one 
nontrivial ring. A finite covering projection (A, A, G) is said to be irreducible if both A and 
A are irreducible. Otherwise (A, A, G) is said to be reducible. 


Remark 4.13. Any reducible finite covering projection is boring. Covering projections 
from examples 14.81 - l4T0l are irreducible. 
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Definition 4.14. Let 


.1 


A = Ao 


T-« + l 


be a finite or countable sequence of C*-algebras and *-homomorphisms such that for any 
i > 0 there is a finite noncommutative covering projection A,, G;). The sequence is 

said to be composable if following conditions hold: 


1. Any composition o ... o TT/g+i o TZig : Ajg —> corresponds to the noncommuta¬ 

tive covering projection (A/^, A,^, G (A,JA,J); 

2. There is the natural exact sequence of covering transformation groups 


{e} —)• G (A,+ 2 |A,+i) —> G (A;+ 2 |A,) —> G (A,+i|A,) —> {e} 
for any i > 0. 

Example 4.15. Let 

X = Xq^ Xn^ ... 

be a finite or countable sequence of second-countable locally compact Hausdorff spaces 
and regular finitely listed topological covering projections. From the Example l4.9l it follows 
that for any i there is a finite noncommutative covering projection (C ,C (Aj) ,G,). 

Since a composition of two regular finitely listed topological covering projections is also 
regular finitely listed topological covering projection the sequence 

C (X) = C (Xq) —> C {Xi) C (Xn) —>■... 


is composable. 

4.2 Infinite case 

This section is concerned with a noncommutative generalization of the described in the 
Section |3] construction. Let 



be a sequence of ’''-homomorphisms which correspond to irreducible noncommutative 
finite covering projections, and suppose that ll52t is composable. Let Gn = G(A„|A) be 
covering transformations groups, where n € N. For any n € N there is the natural group 
epimorphism h„ : G = ^im Gm —> G„. 

Definition 4.16. A sequence (l52l is said to be irreducible if An is irreducible for any n G N*^. 

4.17. Algebras {Anj^gjsjo are finitely generated projective Hilbert A-modules with sesquilin- 
ear product given by ll38l l, i.e. 

= ^ E (53) 

I*"”I geG„ 
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From l l39ll it follows that there An can be decomposed to a direct sum of orthogonal Hilbert 
A-modules 

An — An—\ 0 Pn/ ( 54 ) 

i.e. {a, p)a„ = 0 for any a e A„_i, p e P„. 

Definition 4.18. A sequence {a„ € ^n}f,g]N 0 such that following conditions hold: 

^n+l — |g ^ 1 ^ ^ I + Pn+h Pn+1 G Pn+1/ (55) 

A sequence ^{a„,a „)e a| ^ is norm convergent as n —)• oo (56) 

is said to be coherent. 


Remark 4.19. The condition (l55ll is equivalent to 

^ S^ln+l- (57) 

geG{A„^l\A„) 


Remark 4.20. Informally means an infinitesimally small coefficient, because 

\G(A"''f^\A ) 0 as N —>■ OO. If we denote Pq = A then A„ = 0,g{o,...,n} where P,- is 

finitely generated projective A module. Otherwise for any n e there is an inclusion 
Pn C PLa into the Hilbert space over A (Definition 14.2b . From the Definition 14 .18 1 it follows 
that 

a = y 

" t^\G{An\A,)\ 

where p, G PL a- For any k G there is an infinitesimally small element p^ G PL a given 

by the sequence \p^ € A\ where 
t J )igN 


Otherwise from 


= 

Hn 


it follows that 


0 n < k 

^ n > k 


1G(a„ia,) 


{an,an)A„ = [Pn) Pn> 
k=0 


(58) 


“ / \ * 

\i^Jan,an)A„=li^V{p^n) Pl 

k—0 

or 

lim (an, an) a„ = E{p^) P^- 

k=0 

where p^ is infinitesimally small for any k G N. As well as in the Section [T31 there is a 
representation by the sum of infinitesimally small elements. 
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4.21. There is an action of G = Gn on the linear space X' of coherent sequences 
arising from actions of Gn on A„. There is the unique sesquilinear A-valued product 
on X' such that {{an}, {bn}) X' = lim„^oo(fln, fcn)A„- If ^ = {x ex ' I (x,_x)x' = 0} 
and X" = X'/X then there is a norm on X" given by ||x|| = ^{x,x)x'- Let X/^ be the 
norm completion of X". There is the unique sesquilinear A-valued product {■, on 
arising from (■, ■)x', so X/^ is a Hilbert A-module. There is an action G on Xji^ arising from 
the action of G on X'. 


Remark 4.22. As well as in the Remark 14.201 the inner product can be represented by the 
sum 

\i^Jan,bn )= E (P ) ^ • 

k=0 

where p^,q^ G Ha are infinitesimally small for any k G 

Definition 4.23. Any coherent sequence G ^njngisjo naturally gives the imique el¬ 
ement ^ G Xa- We say that ^ is represented by G An}„^f^o, and we will write 

f = Dlep {{a„ G ^n}„g]No)- We say that the sequence {a„ G is a representative 

of^. 

4.24. Let A = {a„ G A„}„gjvjo be a coherent sequence. For any N > 0 and b^i G A^i we 
will define a coherent sequence b^A = {cn G given by 




EggG(ANlA„) |G(Aw|A„)|^ (bNan) n <N 
bxsan n > N 


whence there is the left action of Ajx on Xa arising from the action of A^i on coherent 
sequences. Similarly there is the right action of Ajx on X^. Let JC (X^) be a C*-algebra of 
compact operators with left action on X^^. For any N G N the left (resp. right) action of 
Ajx on Xa induces the left (resp. right) action of Ajx on JC {Xa) - If A —)• B (H) is a faithful 
representation then Xa ^a H is a pre-Hilbert space with the scalar product given by 

{^®x,y®y)= . 

If H is the Hilbert completion of Xa G) H then H is a Hilbert space. For any n G N there 
is the action of A„ on H arising from the action of A„ on Xa- Similarly JC {Xa) acts on 
H and there are natural inclusions C B {H) and JC {Xa) C B (H). Moreover 

there is the natural inclusion of enveloping W*-algebra (UneN^fi)” ^ {^)- There is a 
C*-algebra A given by 

A = JC (Xa) n f U C B (H) 

VnelN / 

There is the natural left (resp. right) action of A„ on both JC {Xa) and {[JneN^n)”^ so 
there is the left (resp. right) action of An of A. For any n G IN there is the natural action 
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of G on A„ given by ga = h„{g)an, which induces natural actions of G on both and 
A, such that g (flf) = (ga) (g^) for any a e A and f e According to the Zorn's 
lemma t35l there is a maximal irreducible subalgebra A C A. Let G C G is a maximal 
subgroup such that GA = A. If g ^ G then A{)gA = {0}. From ^“^G^ = G it follows 
that G is a normal subgroup and for any n € IN there is a homomorphism hn\c '■ G ^ Gn- 

Definition 4.25. The sequence l|52| is said to he faithful if for any n e IN following condi¬ 
tions hold: 

(a) For any n e N the restriction h„\Q is a group epimorphism, i.e. h„ (G) = G„. 

(b) The natural left and right actions of An on A are faithful. 

Lemma 4.26. If the sequence (|2Tll is faithful and } = G/G isaset of representatives of G/ G then 

(a) A = QgefgA 

(b) Left and right actions of A„ on A are faithful for any n e N. 

Proof a) The algebra A is invariant with respect to the G-action, i.e. ga^A for any g E G 
and a E A, or G A = A. Ifg E G then gA = A for any maximal irreducible subalgebra 
A c A. Otherwise if ^ e G\G then g transposes irreducible subalgebras, so A = 0^gj gA. 
b) Consider the right action of An on A. Let X c An be the annulator of X^, i.e. X is the 
maximal ideal such that AX = {0}. Since action of A„ on A = ©ggj gA is faithful we have 
j X^ = { 0}, where TS = /i„(y)Xis the annulator of gA. However since /i „ (G) = G„ an 
element hn (g) is trivial for any g E } and IS = hn (g) 1 = 1, whence X = n^g/2^^ = {0} 
and the action of A„ on A is faithful. Similarly we can proof that the left action of A„ on 
A is faithful. □ 

Definition 4.27. Let (l52ll be a composable faithful sequence of irreducible C*-algebras. A 
Hilbert A-module X/{ is said to be the disconnected module of the sequence ll52ll . The G is 
said to be a disconnected group of the sequence (|5^ . The algebra A = K. (Xj^) f] (UngN ^n)” 
is said to be the disconnected covering algebra of the sequence (l52l . If A c A is a maximal 
irreducible subalgebra and Xa = A (g)^ Xa, then A is said to be a connected covering 
algebra of the sequence | |5^ and Xa C Xa is said to be a connected module of sequence 
ll52t . A maximal subgroup G C G such that GA = A (or GX^^ = X^) is said a covering 
transformation group of the sequence (l52] |. The group G is a normal subgroup of G. Xa 
is a A-A correspondence, i.e. Xa =q X^^. The quadruple (A,A,gXA,G^ is said to be 
a noncommutative infinite covering projection of the sequence (l52ll . A is said to be the base 
algebra of the sequence l|52j. 

Remark 4.28. From the Lemma [4.261 all irreducible subalgebras of A are isomorphic. Sim¬ 
ilarly we can say about G and g^A- So A, G and g^A from the Definition 14.271 are unique 
up to isomorphisms. 
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Lemma 4.29. Let A = {e„ e A' = {e'„ e ^n}„^t^o be coherent sequences such that 

= Yh s^n+lr ~ YYi S^n+1' ~ YYi S^n+l^n+l' 

geG{A„_f_i\An) geG(A„^i|A„) geG(A„_|_i|A„) 

If ^ = fHep(A), = fHep(A') then following series 

«= E sS') isS 

geG 

is strictly convergent and {qeQeQ,^)^^ = for any £ X^. 

Proof. Let |g^ c ^ be a G-covering of the sequence 

G {Ai,A) ■<— G [A 2 , A) ■<— ... 


where G = :^G(A„,A). If e are given by q = iHep {{b„ e ^«}„g]No)/ f = 
9Iep ({c„ e ^n}neN‘’) from 14.211 it follows thaf 


If flm G (^a) is given by 


«m= E 

geG” 


then 


{V>‘imOxA = }^‘^n { E i^ni{g){e'^e*J)\ bn = Im [ E S {CO ] ^n, 

V?eG” / V^eG(A„,A) / 


whence 


lim {q,amOx. = bm E S (CC) = 

\geG(A^A) 

= = (’JOoCO- 


Form the above equation it follows thaf fhe sequence is stricfly convergenf as 

m —)• 00 and {q, (lim„i_).oo^m) Ox^ = {vOo'^x^- Ofherwise lim,„_).coflm = « in the sense 
of the strict convergence. □ 


Corollary 4.30. Let 1 be a finite or countable set and = 91ep {{em G ^n}„^^o), ff = 
{{C G An} neiNf) ^ ^A satisfy conditions of the Lemma 147291 If ^ and ff satisfy following 
condition 

ECO = 1m(a), Vn e nO (59) 
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in sense of strict topology and then 


iei,gGG 


in sense of strict topology. 

Proof. From lemma |4!2^ it follows that for any following condition hold. 

(v,(^ = {ve*oA, , . (60) 

From follows ll59l l. (l60l it follows that for any ^ e Xj^ following condition hold 


i.e. 


(vA E I n = ('7E44< ' Oxa = ' 

\ \iei, gec / ' X/i ' 


E — ^m(/c(x^))' 

iei,geG 


□ 


Corollary 4.31. In the situation of the corollary \4.30\ a linear span of {g^Ag^Q ,^7 aeA ^ 
dense subspace ofXj^. 

Proof. Follows from the Corollary 14.301 □ 


5 Covering projections of spectral triples 


5 . 1 . Let {A,H,D) be a spectral triple. Similarly to 1261 we define a representation of 


n 


1 . 


: A —t B(H^) given by 


a 0 
,a] a 


= {id. 

We can inductively construct representations tt® : .4 —t B s G N. If tt® is 

already constructed then 71®“*"^ : A ^ B is given by 

7r®(fl) 0 


where we assume diagonal action of D on i.e. 


(61) 


D 


Xl 


\X2Sj 


' Dxj' 


kDX2s 


; Xi,...,X2s e H. 
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Definition 5.2. Let 


{{An,Hn,Dn)}jj^f^O (62) 

be a sequence of spectral triples and {A, H, D) = {Aq, Hq, Dq). The sequence is said to be 
coherent if following conditions hold: 

1. There is a sequence of injective *-homomorphisms 

A = Aq —^ Ai — y ... —y An — y ... / (63) 

2. Foranyn E N there is a finite noncommutuative covering projection G (A„,A„_i)) 

where An is the C*-completion of An and the ^-homomorphism > A„ is in¬ 
duced by the inclusion —)• An- 

3. The sequence of finite noncommutative covering projections 

A = Aq — y A\ — y ... —y An — y ... / (64) 

is composable. 

4. If ^ e G {A„, A) then gAn = An , and = Am for any m,n E N° such that 

n > m. 

5. The .Afi-module = fliteiN Dom is given by = An where = 

rifceN Dom C H. So Hn = An 0 H and the scalar product on Hn is given by 

{a0^,b0}]) = (f, {a, b)A„r])'^a,b E An, V^, r; E Hq. (65) 

From the above expressions it follows that 

• The space is given by = An 0Am for any n > m, 

• Since T-L^ = Am 0Am ^od Am C An there is the natural inclusionc 
and the action of G {An, Am) on for any n > m. 

• If ^ e G {An, A) then = T-L"^ , and = T-Lm for any m,n E N° 

such that n > m 

6 . For any g E G {An, A) and f E following conditions hold: 

g{DnO=Dn {gS)-,\f^EH^, 

D„|-h” = Dm', Vn > m. 

Remark 5.3. From the condition 6 of the Definition |5]2] it follows that if n > m then 

Dn {1a„ 0^) = 1a„ ® Dm^; Vf e Dom (D ,„); > m. 

where tensor product means that = An 0Am From this property it follows that 
Dom (Dm) c Dom (D„) and Dn\Bom{Dr„) = Dm 
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5.4. Let denote (A, D, H) = (Aq, Dq, Hq) and = = A (g)^ then from [2j 

it follows that H is a projective finitely generated A-module. From |8| it follows that 'H is 
a finitely generated Hilbert A-module. So 'Hn = An H is a finitely generated Hilbert 
A-module with A valued product given by 

= (^' ("' ^)a„ v)^ 

5.5. On the algebraic tensor product Xa H there is a C-valued product (■, ■) given by 

(fi(g>^,v(g);/) = . (66) 

Denote by H the Hilbert completion of the Xa (E)a H and denote by H the Hilbert com¬ 
pletion of ^Xa Oa H. From ^Xa C Xa it follows the inclusion H G H. 

Definition 5.6. A sequence {^„ e is said to be coherent in H (or H-coherent) if 

following conditions hold: 

Z]ggG(A„+i 1 A„)S^n+l 

2. The sequence {{^n,^n) G convergent. 

5.7. If {a„ e Anjjjgjsjo is a coherent sequence then for any f G H the sequence {a„ (g> f G 
is coherent in H. So any H-coherent sequence G corresponds to a functional 

on Xa (giA H given by 

{fl„(g>^} HA lim (fl„(g>^,^„). 

H —>00 

The functional can be uniquely extended to H and from the Riesz representation theorem 
it follows the existence of the unique ^ G H which corresponds to the functional. 

Definition 5.8. In the situation l5.7l we say that ^ is H-represented by the sequence {^n} and 
we will write ^ ({?n})- 

5.9. Now we would like to define the unbounded Dirac operator D on H. It is naturally 

to define D on coherent sequences {fn G such that 

DlHepH ({?„}) =lHepH({D„?n}). 

and then obtain closure of this operator. But the sequence {D„^„} should not be always 
coherent, and the general definition of D can be very difficult. However the situation can 
be simplified in the special case of local covering projections which are described below. 

5.10. Let {A,H,D) (resp. (^A,H,D^) be a spectral triple, let A (resp. A) be the C*- 
completion of A (resp. A). Suppose that there is a finite noncommutative covering pro¬ 
jection (^A,A,G^ such that GA = A. Suppose that there are a subspace H c H such 
that H = ®g^GS^' there is an isomorphism of Hilbert spaces cp : H ^ H given by 
? EgecSS- 
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Definition 5.11. Let us consider the situation |5d0j and let 21 = (A, = (^A, H, , 

25 = (^A, A, . The triple ^21,21, is said to be a local covering projection of spectral triples 
if following conditions hold: 

(a) Dom D fl Lf = (Dom D). 

(b) D (Oom D n h) c H. 

(c) D{(p{^)) = cp for any f e H n Dom D. 

Remark 5.12. The meaning of the "local" term is explained in the Remark |6.23l 
Lemma 5.13. If ^21,21,25^ is local covering projection of spectral triples then 

/d=|G|/d. 


Proof. Let D = D\fj. Operator D can be regarded as operator Dom D ^ H and as 
H n Dom D ^ H. From the diagram 


H n Dom D 

9 

Dom D 


D 


H 


D 


9 


H 


it follows that operator ID is measurable and f D = fD. If gID is given by f i—>• gDg 
then for any g e G we have fD = fgD. From D = it follows that 


{D = -fj2gD=E{sD 

^eG ^eG-^ 



D. 


□ 


Remark 5.14. It is well known that if M —>• M is an ?n-fold covering of Riemannian 
manifold then 

/ Jdetg{x)dx^ A ... A dx" = m [ Jdeigjxjdx^ A ... A dx" (67) 

JM * JM * 

Otherwise from the example 12.211 that in the noncommutative case the noncommutative 
integral of the Dirac operator 0 is proportional to ^ydetgf^dx^ A ... A dx”. Thus the 
Lemma 0 is the noncommutative generalization of the Equation ll67ll . 

5.15. Suppose that the coherent sequence of spectral triples l l62l l is such that if 21 = 
(A,H,D}, 21,, = {An, Hn,Dn) and 25^ = {A, A„,G {AfA)) then the triple (21,21^,25^) 
is a local covering projection of spectral triples for any n € N. Let H” be such that 
= ®geG{A„,A) S^" and cp" : H" ^ H is the isomorphism given by f LgeG{An,A) gS- 


47 















Definition 5.16. Let us consider the situation 15.151 The coherent sequence of spectral 
triples (l62l is said to be local if for any n € N and ^ G H" following conditions hold: 


(a) 


E 

geG(An\A„_i) 


(b) such that G H" then ^tpjj {{^n G Hn}) G H. 

5.17. If coherent sequence of spectral triples (|62]l is local then for any n G N there is the 
natural isomorphism ^pn : H" -A given by 

= 'L sS 

g€G(An\A„_i) 


and a following condition holds 


(Pn = l/’l o ...Olpn. 

An H-coherent sequence {^n = Hn} is said to be special if G H" for any n G N. If the 
sequence is special then there is f G H such that (^). If S is the set of special 

sequences then denote by H the Hilbert completion of the C-linear span of 91ep-fj(S). 
There is the unique isomorphism f : H ^ H which is the extension of the given by 
^’^pHiiSn}) ^ ^0 map. 

Definition 5.18. Suppose that the coherent sequence (l62l is local. A H-coherent sequence 
{^n € is said to be special if G H" for any n G N. 

Lemma 5.19. Suppose that the coherent sequence ll^ is local. Let G„ = G {A„\A) and G = 
l^im Gn- If H = Hq is a separable Hilbert space then following condition hold 

77 = 0 ^^- 

geG 

Proof Let c H be a countable orthonormal basis of H, and let H, = Gci C H 

be a generated by e, one dimensional subspace. We say that a H-coherent sequence 
{^n} is L-special if ^ H‘„ = 0ggG„C H„ where ef = (p~^ {e^). Any H coher¬ 
ent A sequence can be decomposed A = A, into /-special sequences, so H can be 
decomposed H = ©^g/H; where H, is generated by /-special H-coherent sequences. If 
G H, are given by f = 9lepjj{{^n e H„}„^^o), q = iRzpjj{{qn e f = 

e then 




If |g^ C g|^ ^ is a G-covering of the sequence {Gi ^ G 2 ^ 
Um & B (H,) be given by 

am= gei){gei- 
g^G’" 


then 


whence 


= lim 

n —^00 



hn{g)e,){hn{g)e, 


^eP77({ef}) 


lim {VrCimOY = lim lim 

m—>oo ffi—^con—^00 



E Mg)ei){hn{g)e, 

.g^G”' 



= E ^n{g)e,){K{g)e^ ^,}j = ^rin, E K 

= {v,0 

Form the above equation it follows that the sequence {«m}mgNO weakly convergent as 
m —>■ 00 and limm->ooflm = 

geG 

□ 



So {g^^}g^c C Hi is an orthonormal basis of Hi. From H = 0,g7H, it follows that 
{g^^}geG lei C H is an orthonormal basis of H,, therefore 

H= 0 = 

geG, iGl geG 

Corollary 5.20. If G is a covering transformation group of the sequence (l64t then H = 0ggG g^- 

Proof. Follows from the condition (b) of the Definition 15.161 and the Lemma [5.191 □ 

5.21. If a coherent sequence of spectral triples (16^ is local then there is a densely defined 
unbounded operator D on H given by 

Dom D = 0 gq>~^ (Dom D) 
geG 


D 



= E^^ ^ {^9{Sg)) 

geG 


where ^g G H for any g E G. 
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Definition 5.22. If coherent sequence of spectral triples (l62ll is local then defined in 15.211 
operator D is said to be the Dirac operator of the sequence |[62ll . 

Theorem 5.23. il33l f Let T be an unbounded symmetric operator on a Hilbert space H. Then the 
following are equivalent: 

(a) T is self-adjoint, 

(b) T is closed and ker (T* ± i) = {0}, 

(c) ran (T ± i) = H. 

Corollary 5.24. If coherent sequence of spectral triples |[62l l is local the Dirac operator is self- 
adjoint. 

Proof Since Dirac operator D of the spectral triple {A,H,D) is self-adjoint it satisfies to 
the Theorem 15.231 Form l5l2T] it follows that D is a direct sum of infinite copies of D. So D 
satisfies to the Theorem 15.231 □ 

5.25. Let {an e be a coherent sequence such that e An- For any s, n e N there 

is the s-times differentiable representation tt® : An —>• B ' 

Definition 5.26. A sequence {dnjn^N such that an G An is said to be s-times differentiable 
if the sequence 


\GiAn I Ao)| 


E g {{rf (an))* n^a„)) e B 


gGG{A„ \ Aq) 



neN 


is norm convergent as n —> oo. For any s-times differentiable coherent sequence we will 
define a norm || ■ ||g given by 


I {an G An } 


nCN 



lim 

n—>oo 


1 

GiAn 


^o)l 


E 

g^G{An 


g((7T^ (a„))*7l^(an)). 
^o) 


Definition 5.27. A coherent sequence {a„ G is said to be smooth if it is s-times 

differentiable for any s G N. 


5.28. If both are smooth coherent sequences then (Dlep {{a„}) ,9\zp {{bnjjjx^ ^ 

A. If {unjnGfyj a smooth coherent sequence and b E A then the coherent sequence {«„} b 
given by 

{an} b = {a„b} 


is smooth. 
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Definition 5.29. Let S be a set of all smooth coherent sequences and X' C be a 
C-linear span of IHcp (S). The completion of X' with respect to seminorms H-Hg is said 
to be the disconnected smooth module of the coherent sequence {{An,Dn,H„)}^^^o- The 
discormected smooth module will be denoted by X^. There is the Frechet topology on 
X^ induced by seminorms || ■ ||g. There is the natural inclusion X^ c X^. The intersection 
n of the discormected smooth module and cormected module (Definition 14.2711 
is said to be the connected smooth module which will be denoted by X^. 

Definition 5.30. An element k ^ K, (^X^) is said to be smooth if following conditions 
hold: 

1. kX^ c X^. 

2. For any s e N 

Ms= sup ||Kf||^<00. 

?eX2 & ||?|b=i 

Denote by K.' the algebra of smooth operators. 

5.31. The K.' is a Frechet algebra induced by seminorms IHIg. From [h28l it follows that if 
f,// e X^ then e K.' 

Definition 5.32. If e X^ then the operator ^){r] is said to be a rank-one smooth. The 
completion in the Frechet topology of the linear span of rank-one smooth operators is 
said to be the smoothly compact subalgebra. Denote by /C°° (^2) ^ ^ smoothly 

compact subalgebra. 

Definition 5.33. If (^A, A,g X^, is a noncommutative infinite covering projection of the 
sequence ll64l l then from the definition 14.271 it follows that A c 1C (^X^). The algebra 
A = /C“ (^2) is said to be the smooth covering algebra. The algebra ^ is a Frechet 
algebra with a topology induced by seminorms || ■ Hg. 

Definition 5.34. A local coherent sequence {{An,D„,H„)}^^f^o of spectral triples is said 
to be regular if ^ is a dense subalgebra of A with respect to C*-norm of A. 

Definition 5.35. If { {An, D„, Hn )}be a regular local coherent sequence spectral triples 
then the triple (^A,H,d'^ is said to be the inverse limit of {{An,D„,Hn)}„^f^o- 

Remark 5.36. The inverse limit from the Definition 15.351 is not an inverse limit in the strict 
sense of the category theory, it rather looks like an inverse limit. 


6 Covering projections of commutative spectral triples 


6.1 Covering projections of topological spaces 


This section supplies a purely algebraic analog of the topological construction given by 
the Section |3] Let 


A = Ao^ ...^ ... 


( 68 ) 
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be a sequence of finitely listed regular covering projections such that X is a locally compact 
second-countable Hausdorff topological space, and Xn is connected for any n € N. Let 
{Gn = G{X„\X)}„^^ be the set of groups of covering transformations. Let X (resp. G) 
be a space (resp. a group) described in the Section |3 There is a natural (discormected) 
covering projection n ■. X X. Let X c T” be a cormected component. According to 
the Section |3 there is a normal subgroup G G G such that GX = X and a subset / C G 
of G/G representatives such that X = UgGlS-^- restriction tt = is a regular 
covering projection rt: X ^ X and X k, XIG. 

Definition 6.1. Let tt : A” —)• A” be a regular topological covering projection such that the 
group G = G (^X\X^ of covering transformations is finite or countable. Then there is a 
Hilbert Co(<T’)-module 




(^Xx^ = I (p e Cj,{X) \ a (p (x) = (p*{x)(p{x) thencp e Co{X) 

x^n~'^{x) 


(69) 


(70) 


with a Cq (A”)-valued sesquilinear product given by 

(?.'/)^2(^^)(^) = ^ E r(?)'/(?)- 

:'i:€7r“^(x) 

We say that is an associated with n : X ^ X Hilbert Co( A”)-module. 

Remark 6.2. If G is a finite group then ~ Hilbert Cq {X)- 

modules, so this definition compiles with the Theorem 1 1.1 71 and with the Equation ll38ll . 

Definition 6.3. A C*-algebra Co{X) is given by following equation 

Co {X) = {f e Cf, {X) I Ve > 0 3K c X {Kis compact) & Vx e X\K |ip (x)| < e} . 

Lemma 6.4. Let X be a second-countable compact Hausdorff space. If n : X X is a regular 
covering projection such that G = G ^X | is countable then (‘^)' 

Proof. Let C T’| ^ be a basis of the fundamental covering of tt : A” X. Since X is 
compact we can select finite family C T’| ^, i.e. ^ Let 

G\ i — G2 ^ 


be a coherent sequence of finite groups with epimorphisms /i/ : G —)■ Gj, and let jG*" c g| 
be a G-covering (See the Definition 11.211 . If V = fC = cl is the closure 

of V then K is compact. For any A: € N the set K^- = G^K is a finite union of compact sets, 
whence is compact for any k e N. If V/t = UfcgN then from definitions it follows 


kGTN 
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that X = UfceN Let e such that cp ^ Cq {X). From the Definition 16.31 it 

follows that there is e > 0 such that for any compact set K C X there is x G X\K such that 
I^ (x) I > e. Let us define a sequence jx,- G A’j ^ such that |cp (x,) | > e and x,- G X\Ki. 

There is a sequence {x, G T’jjgjvj given by x, = n ■ Since X is compact the sequence 
contains a convergent subsequence Let x = limy_>oo-i!y 

such that TT (x) = X and x G V. From ||69]l it follows that the series 


, X;,. Let X G df be 


E i<p(^^)r 

gec 

is convergent, whence there is r G IN such that 


geG\G- 


(71) 


If W is an open connected neighborhood of x which is mapped homeomorphicaly onto 
W = TT and W c V then there is a real continuous function !/;: W —)• R given by 

^{y)= E |<(’(^^|^; where y G W and =y• 

geG\G'• 

There is s G N such that U > r and x,\ G W for any ] > s. If; > s then from cp 
and x,\ ^ Kr it follows that 

gec\C'' 


> e 


> 


(y.) p > e^; where if' 


G VV and n 


(*;,) 


= X; 


Since ip is continuous and x = limy_),co Xi. we have ip (x) > e^. This fact contradicts to the 
equation lITTll . and the contradiction proves the lemma. 

□ 

Lemma 6.5. Let X be a second-countable locally compact Hausdorjf space. If n : X ^ X is a 
regular covering projection such that G = G ^X | X^ is countable then ^ (^X^ 

Proof. If q? G ^T’^^'^then cp (x) = T,xen-''-{x) ^ Lq [X). Let e > 0 be any number. 

Form the Definitionit follows that there is a compact set K d X such f {X\K) c [0,6^]. 
From this fact it follows that |(y(x)| < e for any x G d:’\7f“^ (K). If K = 7f“^ (K) then the 
restriction belongs to .5?^ (^^)' Lrom the Lemma I6i4l it follows that 9\k ^ Lo (k^, 
whence there is a compact set Kq c K such that | cp (x) | < e for any x G K\Kq. In result we 
have I cp (x) | < e for any x G X\Kq. From the Definition |6i3] it follows that <p G Cg (^X ^. □ 
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6.6. Let us consider the sequence and let W c A” be a connected open set which is 
mapped homeomorphicaly on 7f (W). Let (p e Cq [X) be such that Jz {^X\U) = {0}. For 
any n e N*^ there are covering projections tt” : A’ —> Xn, n" : Xn ^ X and there is the 
descent (pn G Cq {X„) of (p (See Definition 13.71 . From the Example 14.91 it follows that 

Co{X) = Co{Xq) —)• ... —>• Co(X„) —> (72) 


is a sequence of noncommutative covering projections. The sequence A = {(pn}nei^o 
satisfies to d^ . From 

{^n,(pn)co{Xn)i^) = E {4>n)* {X„)(p„{x„) =(p*o{x)(po{x) eCo{X), 

x„e( 7 r")“\x) 

it follows that the sequence A satisfies to ll56t , so A is a coherent sequence. 

Definition 6.7. Let us consider the situation 16.61 The coherent sequence A = {(pn}n^f^o 
is said to be the descent of cp, and we will write {(pn}nef<o ~ (^)- The element 

^ = 9fep (Sesc [(p)) G ^Co(A’) is said to be a represented by (p, or ^ is a representative of f. 
We will write ^ = 9fep (^). 

6.8. The sequence ll72t is composable. There is the noncommutative covering projection 
(^Co{X),A, ,G^ of the sequence (|72ll . Let C T”! ^ be a basis of the funda¬ 

mental covering, and let 

= E = E “(g/O 

^€G(;t'|A-) 's: {g,i)€G{X\X)xI 


be a partition of rmity is dominated by |if(| . If £< = for any l g I then from the 

Corollary 14.301 it follows that 


gtnep(e,))(^ihep(e,) 

i&l,g&G{X\X) 


MiKi 




))• 


(73) 


If S = {9lep (e;)},gj then from the Corollary 14. 31l it follows that the set G'E.Cq{X) is dense 
in ^Co{xy 

Lemma 6.9. Let X be a locally compact second-countable Hausdorjf topological space, and let 

Co{X) = Co(<T’o) ••• “t Co{X„) —>• ... (74) 

be an infinite sequence of finite noncommutative covering projections arising from the sequence (l68t 
of connected topological covering projections. If is a disconnected module of the sequence 

m then there is a natural isomorphism Xco{x) ^ x) o/Cg jX)-Hilbert modules. 

Proof. Let X be the disconnected covering space of the sequence (l68]l with the natural 
covering projection H ■. X ^ X and let G = IfmG (XnjX). For any x G Xco(X) 
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define a test function subordinated to n : Af ^ Af. For any ^ G Al there 

is the Cq (A”)-valued product 

<pf=(f,9tep (cpl,^)) e Co (Af). 

Cq(^) 

If e Co (AlJ is the "lift of q>^ then the family : Vj —> c|_ _ is coherent, 

whence there is the gluing = ©luing : A' —>■ C. Note that is bounded 

because ||?’^|| = ||C^||, i-e. cp^ E Ci,(A^). So there is a natural Co(d:’)-linear map a : 
^Co(X) C\,[X'), given by ^ i-E- cp^. If S = {IHep (e,)},gj then from l6.8l it follows that the set 
G S Co(d:’) is dense in XQ(;^'y So for any nonzero ^ E Xcq{x) there is a pair {i,g) E I x G 
such that (^,^lHep (e())x ^ If ^ G is such that {^,gd\zp (ei))x (^) 7^ 0 then 

Cq{X) Cq{X) 

there is the unique x E gU^ such that nix) = x and a(^)(x) 7^ 0. It means that a is 
injective. If // e ^Co(X) then from ([73l it follows that 


^Cq(X) ^ 


lehgeG 


(?,^lHep(eO)xe„(;,, (^IKep (e,),'/)xe„,^) 


From definition of a it follows that if e, E Cq (X) is the descent of the C; for any / E I then 


(^(?,^fHep (^IHep (£/) ^'7)xco(,,)) ^ 

where x E X is the unique point such that x E glAi and tt (x) = x. From above equation 
it follows that for any l e I following condition hold 





{g^zp 



(x) 


E («(0(x))(c,(x))2(x(;;)(x))*. 

xe 7 f“^(x) 


From I],gje2 = lf^f^Co{x)) it follows that 


Y._{^,g^zp (e<))xe„,^) 

iei,g&c 


_E («(?)(x))(«(>7)(x)r, 

x€tt ^(x) 


or equivalently 

= E (“ (^) (^)) (“ ('?) (^))* ■ 

xe 7 f“^(x) 

In fact the above equation coincides with dTOt and from S Cq (X) it follows 

CqX) 

that a (^) satisfies to ll69]l . i.e. a (^) e Otherwise if ^ e (‘^'^) th®^ the 

series given by 

s<p = E G ^Coc-f)' 

g£G, lei 
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is norm convergent. So there is a linear map fi : ^Co{x) given by ^ i—> It 

is easy to check that ao ^ fio a = so a. : ^ (‘^‘^) 

an isomorphism of Cq (A”)-Hilbert modules. □ 

Theorem 6.10. Let X he a locally compact second-countable Hausdorff topological space, and let 
us consider the infinite sequence (l74ll of finite noncommutative covering projections arising from 
the sequence ll68ll of connected topological covering projections. Let Gn = G {Cq{X„)\Cq{X)) = 

G{Xn\X) be covering transformation groups. Let (^Co{X),A, x^Co(X) 

tive infinite covering projection of the sequence ll74t . Then there is a regular connected topological 
covering projection n : X ^ X such that following conditions hold: 

(a) A = CoiX) and ^Xc„(;i-) = 

(b) G(X\X) = G,X = X/G; 

(c) The sequence ll74ll is faithful. 

Proof, a) If is a disconnected module of the sequence ll74ll then from fhe Lemma 

16.91 it follows fhat there is a natural isomorphism ^ of Cq (A:”)-Hilbert 

modules. From definitions it follows that 

J^S (g^i) = 1m(Co(T^)) ' 

SO any cp G Q (X) can be represented as the following norm convergent series 

<P= E ((^^') 'P))(^eP e fC (Xcg(A-)) , 

geG‘€t 

whence Cq (X) c /C . Let {G” C be a G-covering (See the Definition [L2l) 

of the sequence {G„ = G {Xn\X)}^^j^. If (p„ e Cj, (X) is given by 

9n= E f E E V 

g'eG/Gn \^reG«(et 

fhen (pn e An, i.e. there is an G Co{Xn) such that cpn^ = a„^ for any ^ G Xq^^;^-). 
Otherwise lim„_>oo cpn = cp hn sense of the pointwise (=weak) convergence, whence cp G 

(UncN Co {Xn)f. So we have Cq C IC (Xc„(^x)) fl (UneN Co [Xn])". Let denote A 
^ (^Co(A')) n (UnciN Co From definitions it follows thaf Co {X„) C (A:”), where 

L°° jXj is the algebra of essentially bounded complex-valued measurable functions. So 
Ungi^Co {X„)_ c (^). Since L°° (X) is weakl^closed, we have (U„gN0 Co i^n))” C 
£00 ^ £00 Let ^ be a measure on X such that the natural representation 
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of (Af) on is faithful. Let us select any x ^ X. If is a test 

function subordinated to n, then (A^, fi). From the definition of test functions it 

follows fhat for any cp e L“ (Af) following conditions hold 


~ ‘f’lv ' 

(«> (4,o|)") (^") = (»}^ 


From the Lemma [6.51 it follows that any element ? G ^Co{X) ^ can be regarded 

as element of Cq {X). If k = ^ ^ (^Co(A')) i® ^ compact operator then a 

following series 

ip = (iHep ,K IHep 

= f (iHep [cpl,^) ,rjr) (?„iKep 


Co(X) 


Co(X) 

e Co (A:’) 


is norm convergent. If G Cq (A^) is fhe W-lift of ip fhen 

where f,, t]i G ('^A') are regarded as elements of Cq (A:”) . Ofherwise ifK='^G L°° (^X) 
then 

^=Ejh fe]) 

gee ^ 

whence ^ is the W-lift of ip. From above equafions if follows that 

V (‘^Flo])^ V* {<P[i,o]) ^ ■ 

where tp E Cq (^X) and the series is norm convergent. From the Definition 13.101 of cp^^ if 
follows fhat 

?\v = ^1V- 

Since ip is a continuous, the function is also continuous. Thus any x G A:” has a 
neighborhood V such that the restriction is continuous, whence f is continuous, and 
f E Cfj (A:”) because ||'^|| = ||k||. We have selected an arbitrary point x G A:”, therefore 
from llTSll it follows thaf 

(x); Vx G A:’. 
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Note that for any k € 
||k:|| = sup 

}l,V 


^ (^Co (A")) following condition hold 

; where ji,v e ^c^iX) and 


= 1 . 


From the definition of fhe norm it follows that 


i=l 


= sup 


i=l 


(x). 


However 


<p- E'f*?/ 


1=1 


(^) < 


/P[i,ov(f-'LVi){^i)<Pfi,o] 


< sup 
cc,B 


9Vi) {Si ^ 


1=1 


9^ - E Vi) {St 


! = 1 


where ^,v e Xcg(^p^y and ||p|| = ||v|| = 1, 


whence 


V-'LV* Si 


i=l 


< 


9-1^ Vi) {St 


i=l 


(76) 


The series j i]i) {^i is norm convergent, and from ([76] | if follows thaf fhe series f, 

is also norm convergent. From the Lemma |6.5I if follows thaf G Cq (T’) whence 
Ef=i fJiSi G Co (‘^)- Since the series j t]*^ is norm convergent and any partial sum 
Ef=i belongs to Cq (T”) following condition hold 


9 = 


00 


J2v!SieCo{x) 

1=1 


and 

n 

In result we have 

^ {^co(x)) n 

If rti C T” is a connected component, then Cq C Cq {X) is a maximal irreducible sub¬ 
algebra. If Co (:T) = Co (^) © A' then Xc„(;^) = {^ € Xco{X) I = {0}} = if" (^x)- 

b) The action of G on Co (.T) arises from the action of G on X, and according to topo¬ 
logical construction |2^ we have X = X /G. IfGc Gis the maximal subgroup such that 
GCo = Co then G is the maximal subgroup such that GX = X and vice versa. 
SoG(,T|T’) = G,X = X/G. 

c) If fl G Co (.Tn) is a nonzero function then there is an open set lA G Xn such that 


U Co [Xn) C Co {X) . 


'^neN 


U Co {Xn) = Co {X) . 
'\neN / 
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• ^\u 7 ^ 0 ; 

• U is evenly covered by Tin : d:’ —7 X„. 

liU C d:’ be an connected open subset which is homeomorphically mapped onto U and 
fl e Co (d:”) is such that a\jj ^ 0 then aa ^ 0 and aa ^ 0, so the actions of Cq {-^n) on 
Cq (d^) are faithful. From |35l if follows that the sequence of regular covering projections 

X ^ Xn^ X 

induces the epimorphism of groups G (^X\X^ —)• G [Xn\X). From G ^Cq ^d:”^ |Co (d:”)^ ~ 

G ^d:’|d:’^ and G (Cq (A’n) |Co (d:”)) ~ G (d:’n|d:’) follows fhat fhe natural map G ^Cq ^d:”^ |Co (d:”)^ —>■ 
G (Co (<Fn) |Co (<F)) is a group epimorphism. 

□ 

Lemma 6.11. Let n : X ^ X be a regular topological covering projection by a connected space 
X such that a group G = G (^X\X^ of covering transformations is countable, i.e. X w X/G. 

Let ... Gn ^ ... —t Gi fl coherent sequence (See Definition 11.21 * of finite G-quotients with 
epimorphisms hn : G ^ Gn- Let X„ = A’/ker h„. For any n e N there is a natural finitely listed 
covering projection Tin ■ X„ ^ X such that G (d:’n|d:’) = Gn- There is a following sequence of 
*-homomorphisms 

CoiX) ^ Co(d:’i) ^ ... ^ Co(d:’n) ^ ... . (77) 

If[Co{X),A, noncommutative infinite covering projection of the sequence 

(lZ3 then X' ^ X and G' w G. 

Proof. If df is a disconnected covering space of the sequence (l68l l, G is a disconnected 
group of l|68ll and J = G/GgG,}' = G/G' are sets of representatives of G and G' in G 
then from 

je/ s^V 

if follows that X' k, X and G' ~ G because both X' and X are cormected. □ 

Remark 6.12. From the Theorem 16.101 and the Lemma IS.lll it follows thaf an infinite cov¬ 
ering can be constructed algebraically. 


6.2 Covering projections of spectral triples 

In this section we will consider following objecfs: 

1. A compacf orientable Riemannian manifold (M, e) withouf boundary with a Spin‘s 
structure {S,C) where S = Fgmooth (M/S) where Fg^ooth means the functor of C°°- 
secfions and S is the spinor bundle (See the Definition |2T0]l. 

2. A covering projection tt : M —)• M. 


59 










3. The pullback S of S by tt (See the Definition 1 1.22b . 

6.13. Let 7T : M —> M be a regular covering projection. From the Proposition ll.37l it follows 
that M has the natural structure of C“-manifold. Moreover from 0 it follows that M is a 
Riemannian manifold with covering metric g. 

Definition 6.14. A IR-linear map cp : Fgu^ooth (Al, S) —> Fsmooth (Al, S) is said to be local if 
for any open subset U and any s', s" e Fgjnooth S ) such that from s'Ijj = s" | (j it follows 

that 

<p(s') \u = 'p(s") Ilf. 

6.15. Let (p : Fsmooth (Al, S) —> Fgjnooth (Al, S) be a local operator and let t Lf, > be a 

t J lei 

one-to-one covering with respect to n and Ui = n ■ For any i 6 I there is a C-linear 


isomorphism iXi . Fqj^qqi-j^ (Lf/, ^ 


If s e r. 


smooth 


(m,s) 


then for 


any i e I there is the unique section f, e Fgjnooth given by 

L = a, (s|w,))) ■ 

A family is coherent because cp is local. So there is the gluing t = ©luing ^{f(} 

Fsmooth . In fact definition of t does not depend on the family | id; | 


lel 


el 




Definition 6.16. In the situation 16.151 there is a local operator cp : Fgjnooth 

Fsmooth (aF/ given by ? i-> f. The operator ^ is said to be the n-pullback of cp. Henceforth 
we write f = puHbact^ {cp). 

Remark 6.17. Any pullback is G ^M|M^-equivariant, i.e. 

puhbact^ {cp) {gs) = g (puHbacf^ (f) (s)) 
for any s G Fsmooth (m, s) and g eG . 

6.18. Similarly to i fT^ we can define a scalar product on H = A (g)^ H given by 

{cf, cp) = /„ (^ I if)v^ for cj),{p eS 

jm 

where Vg means Riemannian measure on M. Since M —> M is a finitely listed covering 
above integral can be presented by following way 


l{a^cj)\b^xp)vg = 
Jm 


( 78 ) 


\}/=n„ {x 
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i.e. the Hilbert scalar product on H. complies with l l65l l It is clear that both the Dirac 
0 operator and charge conjugation operator C are local, so there are pullbacks 0 
puhbact^ (0), C puhbact^ (C). So ^M,e^ is a orientable Reimannian manifold without 

boundary with the Spin‘s structure where S = T^j^ooth If dim M is even 

then from the Definition 12.331 it follows fhe exisfence of the operator F which is also local, 

Hpf 

so there is the pullback F = pullboct^ (F). 

Definition 6.19. Let us consider the situation I6.18[ and suppose that the covering projec¬ 
tion TT : M —> M is finite fold and regular. The spectral triple /L^(M, S),0^ is 

said to be the TT-pwnbflcA: of (C°° (M) ,L^(M,S),0). We will wrife ,L^(M, S),0^ = 

puhbact^ ((C~(M),L2(M,S),0)). 

^ TT ^ ~ ~ 

Remark 6.20. If a sequence M —>■ M —>■ M is such fhat bofh tt and tt are covering 
projections fhen following condition hold 

pu[[bac%^~ ((C“ (M),l 2(M,S),0)) = puhbact- (puhbact^ ((c~ (M),l2(M,S),0))) . 

Lemma 6.21. Let (M, e) be a compact orientable Riemannian manifold without boundary with a 
Spin‘s structure (5, C). Let 

AF = AFq i — IsA\ i — ... i — AF^ i — ... 

be a sequence of finite fold regular covering projections which induces the sequence of *-homomorphisms 

C (AF) = C (AFo) ^ C (AFi) ^ ... ^ C (AF„) ^ .... 

If Tin : AFn M is a natural covering projection for and (C°° (Mn) ,L^{Mn,Sn),Wn) is the 
Tin-pullback of (C°° (AF), (AF, S), 0) then the sequence { (C~ (AF„), L^{M„, Sn), 0n) }„g]N 0 
is a coherent sequence of spectral triples. 

Proof. We need check conditions 1-6 of the Definition 15.21 

1. There is a sequence of injective *-homomorphisms 

C~ (AF) = C“ (AFi) ^ C“ (AF 2 ) ^ ... ^ C~ (AF„) ^ ... . 

2. For any n € IN algebra C (AF„) is the C*-completion of C°° (AF^) and fhere is a finife 
noncommutuafive covering projection (C (AF„_i), C (AF„), G (C (AF„) | C (AF„_i))). 

3. The sequence of finite noncommutative covering projections 

C (AF) = C (AFi) ^ C (AF 2 ) ^ ... ^ C (AF„) ^ ... (79) 

is composable. 
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4. If ^ e G (M„,M) then gC^ (M„) = C~ (M„) , and C~ = C~ {Mm) 

for any m,n ^ N*^. 

5. The C~ (M„)-module Tsmooth (Mn, S„) = ClkeN Dom 0^ is given by Tsmooth {M„, S„) = 
C“ (M„) (8)c”(M) Tsmooth (M, S) where Ts^^ooth (M, S) = fliteNDorn0^" c (M,S, vS). 
The Hilbert space H = L^(M,S) of any commutative spectral triple is a Hilbert 
completion of the space S = Tgjnooth (A4, S) of smooth sections of the spinor bimgle. 
However 5 is a dense subspace of 5 = r(M, S) continuous sections of the spinor 
bundle. The bungle S,i is a 7T„-lift of S, and from II.301 it follows that 

Sn = T (Mn, Sn) = C (Mn) <K>C(M) 

whence L^{Mn,S„) is the Hilbert completion of C (M„) ®c(M) T^(M,S). How¬ 
ever the Hilbert completion of C (Mn) '^c(M) coincides with C {M„) '^c{M) 

[M, S) because C (Mn) is a finitely generated C (M)-module, i.e. Hn = C (Mn) 0c(M) 
Hq. From dTSl l it follows that for any n € IN the Hilbert scalar product on Hn com¬ 
plies with l l65l l. 

6. According to definition 0n = puKbact^^n (0) and from the Remark l6.17l it follows that 
0n is G (Mn|M) equivariant, i.e. for any g € G (Mn, M) and ^ e ^ e Ts^ooth (Mn, S„) 
following condition hold 

giW^) = 0igO. 

From the Definition 16.161 it follows that if m < n then 

^"lrsmooth(M„,S„) = 0m 


□ 


Lemma 6.22. The coherent sequence of spectral triples from the Lemma \6?TI\ is local. 

Proof. From the Theorem 16.101 it follows that there are a cormected topological space M 
and a covering projection p : M —>■ M such that (M),C ^M^ , c(m)^C(m)/G^ is the 
noncommutative covering projection of the sequence l[79|. Let x € M be any point and 
X 6 M is such that p (x) = x. From the Remark |3. 51 there is the cut loci O;!: c M such that 
following conditions hold: 

1. In^ e L°° (M) and if 1^4 = In^ element of L°° (M), 

2. There is a connected set which is mapped homeomophically on and is 
a fundamental domain of the p : M ^ M. For any n e IN there is a covering 

projection pn : M ^ Mn and G- = pn ^G^^^ is a fundamental domain of the 
covering projection p„ : M„ —)• M. 
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it follows that 


If H" = (M„,S„) then from 1 a4„ = 'Lg&c{Mn\M)g'^n^^^^^ 

L^{Mn,Sn)= 0 

geC{Mn\M) 

From locality of the operators Wn it follows that they satisfy the Definition 15.111 The 
condition (a) of the Definition 15.161 follows from 


O' 


h,-iW geG(M„|M„_i 


S' Ini 

pn(x) 


The condition (b) of the Definition |5T6] follows from Qj C M. Really if e (Mn, Sn) 

is such that e (M„,S„) then from c(M)^Co(M) = *^0 (m) ®Co(m) ^C(M) it fol¬ 

lows that 

^'^Ph {{^n}) e fnjff ^C(M) ^Co(M) ®C(m) ^ = H- 

□ 


Remark 6.23. The sequence is local because the operator 0 can be defined as gluing of 
local operators, i.e. operators defined on one-to-one subsets. 

6.24. Let M be a manifold with a Spin‘s structure and m € N is such that dim M = 2m or 
dim M = 2m -|- 1. If (M, tz,S) is the spinor bundle and x 6 M is any point then from ITSl 
it follows that Sx = 7Z~^ (x) is a complex Hilbert space of dimension 2™ and there is a 
natural representation px : C°° (M) —> B (S;,:) and 


||fl|| = sup \\px{a )\\. 
xGM 

For any x e M there is a representation p\ : C°° (M) —>• B (S^) which corresponds to the 
representation : C°° (M) —>■ B (M,S))^^ given by 


Similarly to l5.1l for any s G N and x G M we can inductively define : C°° (M) —>• B 
which corresponds to tt® : C°° (M) —)• B (M,S))^ ^ given by 


7r®(fl) 


/ TT® ^(fl) ^ ^ 

y[0,7r®“^(fl)] 7r®“^(fl)y 


(80) 


Definition 6.25. Let M be an orientable Riemarmian manifold with a Spin‘s structure and 
let 7? : M —> M be a covering projection. There is the unbounded Dirac operator 0 on 

(M, S) and let 0 be the /r-pullback of 0. An element ^ G of associated with 

n : M —>■ M Hilbert C(M)-module is said to be smooth if following conditions hold 
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1. ? e C~ (m) . 


2. If X 6 M then for any s G IN and following condition hold 

2 


n (^) = E py (S) 

ye 7 T-i(x) 


; Vx e M 


then cp^ E C (M). 

Definition 6.26. If E c he a linear span of smooth elements then there is the 

Frechet topology on E induced by seminorms || ■ ||g given by 


ll^lls =sup 

E 

PyiO 

\ 

ye7r-i(i) 



The completion of E with respect to this the Frechet topology is said to be the smooth 
module associated with rt : M ^ M. Denote by the smooth module associated 

with TT : M —>■ M. 

6.27. From 1361 it follows that Reimarmian metric satisfies to the following condition 
Dist (x,i/) = sup {|fl (x) — fl (i/)| |fleC“(M), II [0,fl]|| < 1} . 

Conversely if || [0,fl] || = C then 

\a (x) — a{y)\ < C Oist(x,i/). 

Similarly if n^{a) is given by (l80l and || [IZ), 7r®+^(fl)] || = Cg+i then for any x,y G M 

\\n^{a) {x) - {a) {y)\\ < C^+i c)ist(x,i/). (81) 

Lemma 6.28. Any element ^ G corresponds to the function a E Cq such that 

for any s G N the function /® : M —)• IR given by 

f W = llF^(«)f 

is continuous. 

Proof. From the Lemma 16.41 it follows that C Cq , 

corresponds to the function a G Cq . 


so any element ^ G 

Now this lemma follows from the 

□ 


inequality l ISB . 

Definition 6.29. Let us consider the situation of the Definition 16.251 We say that the 
element a E C°° is zero at infinity with derivations if for any s G N, e > 0 there is a 
compact set fCs,£ C M such that 

Up® (fl)ll < e; Vx G M\Xs,e- 

Algebra of zero an infinity with derivations elements will be denoted by C“ • 
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Lemma 6.30. Let M be an orientable Riemannian manifold with a Spin‘s structure. If n : M ^ M 


be a 


is a covering projection and G | is countable then C C“ 

Proof. Proof of this lemma is similar to the proof of the Lemma 16.41 Let < Lf, C M > 

_ t J Itzl 

basis of the fundamental covering of if : M —t M. Since M is compact we can select finite 
family jli, C m| , i.e. |ij,| = jlJi,ij„|. 


Let 


G\ i — G 2 ^ 

be a coherent sequence of finite groups G/ = G (M/|M) with epimorphisms /z/ : G —)■ Gj, 

and let C gI be a G-covering (See the Definition 11.2b . If V = Ui=i n^i 
t J fceN 

X = cl is the closure of V then K is compact. For any A: € N the set Xj- = G^K is a finite 
union of compact sets, whence K]^ is compact. If I 4 = UsigiN G*^y then from the Definition 


From 


13.61 it follows that M = UfceN ^k- Let cp e be such that (p i C“ ■ 

the Definition 16.291 it follows that there are s G IN and e > 0 such that for any compact set 
X c Lf there is x X\K such that ||p|(<p)|| > G where p~ is defined in 16.241 From Ih27l it 
follows that for any s G N the function x 1 —t ||p~|| is continuous. Let us define a sequence 

G m| ^ such that |p® (x)| > e and x,- G M\X,'. There is a sequence {x, G 
given by x/ = tt ■ Since M is compact the sequence {xijjgivj contains a convergent 
subsequence Let x = limy_>oo^;y Let x G M be such that 7 ? (x) = x and x G V. 

From the Definitions 16.25116. 26l it follows that the series 

2 


E 

geG 


py{9) 


is convergent, whence there is r G N such that 


E 

geG\G'- 


pyiv) 


2 £2 

< — 


(82) 


If W is an open cormected neighborhood of x which is mapped homeomorphicaly onto 
W = 7T and W c V then there is a real continuous function !/? : W —)• IR given by 


*/’(y)= E 

g€G\G’- 


Pg~ (cp) ; where y G W and n (y) = y. 


There is r G N such that f > r and x,. G W for any; > r. If; > r then from cp 


and X,. ^ Kr it follows that 


> e 




= E 

geG\Gr 


Ph. (-p) 


> 


py,. if) 


> e^; where xj^, G W and tt 


= Xi 
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Since ip is continuous and x = we have xp (x) > e^. This fact contradicts to the 

equation (l82l l, and the contradiction proves the lemma. 


□ 


Lemma 6.31. connected smooth module (Definition \5.29i of the coherent sequence 

described in the Lemma lOIl then there is the natural isomorphism ofC°° {M)-modules 





YOo 


Proof 1) Inclusion jSfJ, C 

Let G = G ^M|M^ be the group of covering transformations. Since M is compact there is a 

finite basis | Lfi,..., Lf,,! of the fundamental covering of tt : M —t M. From the Proposition 
ll.38l it follows that there exist a partition of unity 

n 

g^Gi=l {g,i)eGx{l,...,n} 


dominated by |Ui,..., Un| such that di e C~ (m) for any i e {l,...,n}. 
If Ji = then di G C“ from the Corollary 14.301 it follows that 

Y_, (c) = 1 m(k:(Xc(m)))‘ 

ie{l,...,n},geG 


From e, G C°° it follows that the descent Sesc (e,) of e, (Definition 16.7b is a smooth 
coherent sequence (Definition 15.27b . whence (Hep (e^) G ® ^ 

and s G N we denote 


= \\TC 




where tG is given by l ISOll 


then from 


it follows that 


Cs = max ||e;|L 


e.'fl 


^ Cs \\a\ 


whence 91ep (^e,) a G If <p G Jdf, (^Mm^ then form C and 

from the Lemma lOl it follows that (p defines a unique element G l^c{M)- From l l83ll it 
follows that 

??> = E ^i^«P (^0 (^■))xc(Mi 

^e{i. n},seG 


All summands of the above series belong to prove that the series is con¬ 

vergent in the Frechet topology given by the Definition 15.291 Let s G N be any natural 
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number and e > 0. From the Definition 16.251 it follows that there is a compact set K such 
that for any x G M\K following condition hold 

e 






Since K is compact there is a finite subset G' € G such that 


E E^«0 W = {i}- 

ueG';=i 


From above equations it follows that 




geG'i=i 


< e. 


(84) 


So the series is convergent in the Frechet topology, whence (p^ G Xc=o(a 4 ). 

2) Inclusion c (Mm) • 

If ^ G ^^hen form c and from the Lemma 

defines a unique element cp^ G . If ^ 

£ > 0 such that for any compact set K there is x G M\K such that a following condition 
holds 


it follows that f 
then there are s G N and 


Let us define a sequence jx,- G m| ^ such that 
a sequence {x,- G d:’},g]N given by x,- = tt ■ Since M is compact the sequence {x,}j- 
contains a convergent subs( 

7 T (x) = X and x G V. From 


p~ (cp) > e and x/ G M\Ki. There is 

leN 


contains a convergent subsequence |^!y|. Let x = limy_),co xi.. Let x G M be such that 


/elN 

it follows that the series 


El<p(^^l' 

geG 


is convergent, whence there is r G IN such that 


E 

geG\G^ 


Plxif) 


2 £2 

< 2- 


(85) 


Let W be an open cormected neighborhood of x which is mapped homeomorphicaly onto 


W =n 


such that following conditions hold: 


1. If y G W then c)ist(y,x) < — 7 r"+h<p) ] || ' condition and dSTl l it follows 


that 


pyi<p)-plxif) <|;VyGW. 


( 86 ) 
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2. W C V. 


There is a real continuous function !/; : W —>• IR given by 




E 

geG\G’- 



2 _ ~ _ 

; where y G fV and n {y) 


y- 


There is s G N such that U > r and G W for any j > s. If / > s then from 
and Xi- i Kr it follows thaf 



> £ 


^ (^0 = E 

geG\G^ 


(9) 


> 


Phi- 


> £^; where x-. G W and n 




= X; 


Since ip is continuous and x = we have ip (x) > This fact contradicts to 

equations ll85l l, (l86l l, and the contradiction proves the lemma. □ 

Lemma 6.32. Let us consider the coherent sequence described in the Lemma \6.21\ (^c“(M)) 

is the smoothly compact subalgebra (Definition \5.32i then 

Co~ (Mm) = Co (m) n /C~ (Xc.o(A,)) . (87) 

Proof. 1) Inclusion Cq 0^°° (^C“(M)) C C“ 

If fl G Co (m) (^C“(M)) given by 


CO 

i=l 


then from |[76ll it follows that 


00 

«= EC'? 

1=1 


( 88 ) 


where y, are being regarded as elements of Cq ■ From the Lemma 16.301 it follows 

fhat G C“ whence a„ = G C~ for any n G N. From the 

Definition |5]32] it follows that the series (l88l l is convergent in the Frechet topology induced 
by seminorms || ■ Hg, therefore a gCo~(Mm). 

2) Inclusion (Mm) C Co (m) n?C“ (Xc»(m))- 


Let a ^ C, 


condition hold 


(Mm). 


If ei,...,en G C° 


are defined in the Lemma 16.311 then following 


n n n 

= E = E = E E iseia) 

geGi=l geGi=l geGi=l 
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and the series is convergent in the Frechet topology induced by seminorms 
this fact and it follows that a E Cq fl • 


From 

□ 


Lemma 6.33. The coherent sequence described in the Lemma \6?TI\ is regular. 

Proof. For any d E Cq (M) and e > 0 there is a finite subset G' C G such that 


« - E E 

i=lgGG' 


< 


where aig £ A and e^/•••/£« S defined in the Lemma 16.311 Since C°° (M) is 


dense in C (M) there are £ C°° (M) such that 


‘^ig ‘^ig 


< so 


Tn 

E E <g e Co~ (Mm) 

i=lgeG" 


and 


- E E ^ig (^^0 

i=lg€G" 


£ 

<2 


In result we have 11 a —a' 11 < e, whence C° 


C" 


(Mm). 


(Mm) i 


is dense in C 


(m) 


because a' £ 


□ 


7 Covering projection of the noncommutative torus 


7.1 Covering projection of the C* -algebra 

7.1. Let Ag be a noncommutative torus generated by unitaries u,v CzU {Ag) and let 


X Zmj ^ ... ^ Znf. X Zmj. ^ ... (89) 

be an infinite sequence of finite groups. Let 9q = 9 and let us inductively define for any 
A: £ N and ’^-homomorphism Ag^_^ —)• Ag^ such that 


r d+lnii 

k-1 

mini 


Ok = 1 


”‘k "k 

k>l 


f ”'k-i "k-i 

where q,..., 4/ ••• G arbitrary nonnegative numbers. 
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2. 


is generated by two unitary elements and the ^-homomorphism ^ 
Ag^ is given by 

Wfc_i uf; Vk-i 


where 


m (resp. n) 


In IXll it is shown that the sequence 


mi (resp. wi) k = 1 
i(resp. i) k>l 






(90) 


is a composable sequence of finite noncommutative covering projections. If e, (resp. ef) is 
defined by (l4Tb ll43l then any i,i e {1,2} following sequences 


Ay = 


{.r* (»«.) >T Ki = {‘T by) C ("y.)} 


fcGNO 


are coherent. If f = {1,2} x {1,2} and = A,-y (resp. = A'p Vi e 1 

then elements = 91ep (A,), = fHep (A() satisfy conditions of the Corollary 14.301 If 

S = {^j};g 7 then from the Corollary 14.3II it follows that the set GSAg is dense in For 
any (x,i/) e IR x R let {x,y) • 91ep (A^) be given by 


. 5l,p (A,,) = !H,p ({«”■> (exp (^) e,,.) e"‘> (exp (|) ; (91) 

Since a linear span of GEAg is dense in the action of R x R can be uniquely extended 
to the continuous action (R x R) x X^i —> X^, ^ i—> {x,y) • This action induces a 
natural action (R x R) x Ag —)• Ag on disconnected algebra. Since both R x R and a 
maximal irreducible subalgebra algebra Ag C Ag are cormected a following condition 
hold 

(R X R) • A = A. (92) 

If we include Z x Z c G then 


{i,i)a = {2Tii,2Tzi) •a; \/a & a 

and from ll92ll it follows that (Z x Z) A = A. Otherwise if ^ G (Z x Z), G G\ (Z x Z) 
and ^ G S then {gy,g' 0 xA ~ it follows that the covering transforma¬ 

tion group G is equal to G = Z x Z and a linear span of (Z x Z) S Ag is dense in Xji^. 
There is a noncummutative infinite covering projection ^Ag, Ag, Z x Z^ of the 

sequence dinii. 

Lemma 7.2. If for i,] G {1,2} elements G^^ Xji^ are given hy 


= mcp {u^f) ej"^ , Vrj 


K)} 




thenf,ij){yije Ag. 
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Proof. From the Definition 14.271 if follows fhat we need fo show thaf 


?ij){Vij e 



If flj- 6 is given by 


Uk 






then it is clear that Uk = UfcgN ^0|c 


lim Uk = ^ij) {tlij 

k^oo ' ‘ 


where we mean convergence in the weak topology. □ 

Corollary 7.3. The sequence of covering projections is faithful. 

Proof. The natural homomorphisms Z x Z —t Z^j. x Z^^. are epimorphic. From (l49ll it 
follows thaf 


E ,, 


(wmj {vn,)) (gef ej’^ 


= 1 




whence for any nonzero fl e Ag^ fhereare^o G ^ such fhat ( 

0. If ^ e Z X Z is such thaf hk = go fhen go^igjg) {gohigjgii 7^ 0. But from the Lemma 17!^ 
it follows that go^iojo) {gohiok ^ So the right action of on Ag is faithful. Similarly 
we can prove thaf fhe righf action is also faithful. □ 

7.4. From fhe Corollary 14.301 if follows thaf 

'^M(Ag) ~ E E 8^lj){§Vlj 

gezxz. i,je{i,2} 


in sense of the strict convergence. Any k E K. can be represented as sum of the 

norm convergent series 

K = J^^Pk) i^k 


keN 


whence 


K = 



E 8^ij){8hij]'L^k){fk 

ye{1,2} / k 


E E 8^ij){8hij 

z ye{i,2} 


~ E E g^ij)klijgi'j'g’{gVi’j’~ E E S^iflijgi'i'g') {s hi']' 

g,g'eZxZ g,g'eZxZ i,j,i',j'G{l,2} 
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where 

~ Xj isVij / Y ^ 

J:e]N 

Let |g^cZxz|^ ^beZxZ covering of the sequence (|8^ (Definition 11.211 . Since k is 
compact for any e > 0 there is / G N such that if 

~ Xj Xj S^ij)‘^ijgi'j'g’{s Vi'j' 

g,g'GG’ i,j,i',j'€{l,2} 


then 

II -II £ 

If K G Ag then there is a sequence {fljt G 

lim Uk = K 

k^oo 


in the weak topology. For any G {1/2} and g,g' G we will define the element 

G Ae given by 

{g') {eT i^rn,) ej/ (^nj)) 

h 

where /ij- : Z x Z —> Z^j. x Z^^. is the natural epimorphism of groups. From limj-_^oo «it = 
K it follows that 

and there is kg G such that 


aijgi'jig' ^ijgi'fg' 


e 

16 IG' 


and if 

'^fm= E E g^ij)‘^]jgi'fg'{g'Vi'f 

g.g'GGi GhVe{i,2} 


then 

||k-K finll < e. (93) 

If {fcr G is the sequence given by b,- = 0 for r <k and 

br= E (g) 

g,g'eG'‘ i,j,i',j'e{i,2} 


{sj' ipur) £;• " (Umr)^ ^ilgi'j'g' (“mj 


for r > k then limr->oo h = Kgr, in the weak topology i.e. Kgn G Ag. 


Lemma 7.5. The space of operators Kfjj^ given by construction 17.41 is dense in Ag, 

Proof. Follows from the Equation (l93t . □ 
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7.2 Covering projection of the spectral triple 


7.6. Noncommutative torus as a spectral triple II18II36I . 
There is a state Tq : Ag —> C given by 


T) 



«oo- 


The GNS representation space I?- {Aq, tq) may be described as the completion of the vector 
space Aq with respect to the Hilbert norm 


\W\2 = Td yva’^aJ . 

Denote by a the image in (Ag, tq) of a e Ag. The Hilbert product on L^(Ag, tq) is given 
by 

(^b) = To (a*b). 

Since 1 is cyclic and separating the Tomita involution is given by 

}o(a)=al. 

To define structure of spectral triple we shall introduce double GNS Hilbert space H = 
L^(Ag, To) © L^(Ag, To) and define 


/ = 


There are two derivatives 5i, given by 


0 -Jo 
/o 0 


Si Y^ar,su''v^ ) = Y^lnirarsU^'v'', 


S2 ( j = ImsaysU^■ 

Y r,s J rs 

which satisfy Leibniz rule, i.e. 

Sj{ab) = {6ja)b = a{Sjb)i {j = 1,2; a,b e Ag). 


There are derivations 


3 = dr = <ii + tS2-, (t e C, Im(T) 7 ^ 0), 
3+ = -Si - tS2. 


(94) 
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Actions of Aff and Dirac operator D on H are given by 

7r(fl) = 


a 0^ 

0 aj' 


D = 


0 

d 0 


There is a subalgebra Ag C Ag given by 


= |fl e Ag I fl = '^UrsAv^ & sup^gg^: (l + S n| . 

and a spectral triple {Ag, H,D). 

7.7. Spectral triple of a noncommutative covering projection. Let m, n,fc e N, 6 = and 

let Ag —> Ag be a ’^-homomorphism given by 


u M™; u i-> u” 


where u,v & U {Agj are unitary generators of Ag. Similarly to l7.6l we can define a smooth 
algebra 

Ag- = |fl e Ag I fl = & sup^gg^ ^1 -H r^ +s^) krs| < oo, VA: e n| . 


and a state 


To Y^arsU^ZP = floO- 


The GNS representation space (Ag, Tq) may be described as the completion of the vector 

space Ag in the Hilbert norm 


||fl||2 = T 

Denote by a the image in (Ag, tq) of a G Ag. Similarly to 17.61 we define 

h{a)=gf. 

To define structure of spectral triple we shall introduce double GNS Hilbert space H = 
Lf (Ag,To) 0 (Ag,To) and define 


/ = 


0 -h 

h 0 


Thee are two derivatives 5i, 82 
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S2 

\r,s / ^ ’'® 

which satisfy Leibniz rule. There are derivations 

d = 3t = <^1 + T(52, 

3'*' = — Ji — fS2- 

Hilbert space of the spectral triple H, action of Ag and Dirac operator D are given by 


n{a) = 


D = 



In result we have a spectral triple yAg, H, Dj . An application of this construction gives 
a sequence of spectral triples {(Ag^^, Hfj, such that Ag^ is the C*-completion of 

Ag^^ and Ag^ is a member of the sequence l|90|. 


Lemma 7.8. In the situation described in \7.7\ the sequence {{Ag^, H„, D„)}is coherent. 

Proof. We need to prove conditions 1-6 of the Definition 15.21 Conditions 1-3 follow from 
the construction 17.71 Let (^Ag, Ag,Zm x be a finite noncommutative covering projec¬ 
tion from 1 7. 71 If ^ = (p,^) G Zm x Z„ then 



iTzipr Iniqs 


From Iflrs 


Inipr iTziqs 

UrsC ^ ^ 


it follows that 


sup^ (l + r^ + s^^ \ars\ < oo; Vfc e N ^ 

/ « o \ ^ Inipr 2niqs 

sup^ sez ( 1 + r -I- S ) e~^ e~^Uys < oo; VA: e N, 


whence gAg = Ag and the Condition 4 of 17.71 is proven. From = fl/teiN Dom = 
Ag 0 Ag and from the definition of the scalar product on {Ag, %) it follows that the 
Condition 5 hold. Condition 6 directly follows from the definition of the operator D. □ 


7.9. Let us consider a case of 0 = 0. In this case Ag^Q is a universal algebra generated by 
unitary elements u, v with the single relation uv = vu and 


Ag = Aq = la e Aq \ a = J^arsAv^ & sup^ ^1 0 0 |flrs| < oo. 


Vfc e N ^ = 
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= c~ X S 


‘) 


There is a state Tq : Aq —> C given by 


To \^‘lrsU’'v^j = floo- 

and these is a GNS Hilbert space (Aq, Tq). There are two derivatives S^, 82 given by 

Si j =Y^2Tzirarsu''v^, 


82 ( I = iTCisUrsU'^^■ 

\ r,s ) rs 

There is the natural covering projection IR^ —)• T^. On can select unbounded functions x,y 
on ]R^ such that u (resp. v) corresponds to (resp and it is clear that 


dx ' 

i.e. both 81 and 81 are first-order differential operators. Similarly to 17.61 one can introduce 
double GNS Hilbert space H = L^{Aq,%) 0 L^{Aq,%) and define derivafions 

3 = dr = + T82; (t e C, Im(T) 7 ^ 0), 

3 "'' = —81 — t 82- 


D = 


0 3 
.3 0 


There is fhe isomorphism (Aq, Tq) ~ {Ag, tq) of Hilbert spaces given by 

m6Zi,nGZ m£'Z.,n^^ 


which naturally induces an isomorphism of direct sums (p : H = [Aq, tq) 0 (Aq, Tq) ~ 
H = L?- [Ag, Tq) 0 [Ag, Tq). A direct calculation shows that following conditions hold 

1- e [Ag, Tq), 

2. Dom D = (p ^Dom , 

3. D(p[ip) = cp (^Dipy 
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If Ag —)• Ag/ is given by 


u ^ u'”’; V ^ i;'” 


then there is a Hilbert space H = Agi H and the natural action of G (Ag/|Ag) w 
Zm X Z„ on H. Similarly there is a the homomorphism Aq — t Ag given by 




V 1 -^ 


and the Hilbert space H = Aq H. There is an isomorphism q> \ H k, H such that 
f ig^) = g? (?) for any ? e H and g e Zm x Z„. 

Remark 7.10. The construction 17.91 means that some properties of Hilbert space and its 
Dirac operator of the noncommutative torus are the same as a Hilbert space and Dirac 
operator of the commutative torus. 

Lemma 7.11. In the situation described in 17.71 the coherent sequence {{A 0 ^,H„,Dn)}j^^^o is 
local. 


Proof. From 17.91 and the Remark 17.101 it follows that general case can be reduced to com¬ 
mutative one, i.e. 6 = 0 and Aq = C (T^). However is a Riemannian manifold and 
Dirac operator is local (differential), so an application of the Lemma 16.221 completes the 
proof of this lemma. □ 

Lemma 7.12. The Ag is a dense subalgebra of Ag. 

Proof. From the construction 17.41 it follows that for any a G Ag and e > 0 there is a finite 
subset G' C Z X Z and an operator a' € Ag given by 

3'= E E g^ii)‘^’^jsi'fg'ig'vi'f 

g,g'eG' i,j,i',j'e{i,2} 


such that 


\a — a \\ < 


. The element is given by 


‘^ijgi'j'g’ 


h {g) (ef (Vn,) e^^ {UmS) rak (h^ {g') (f^,^ (um,) e”? (^nj)) 




where fljt G ^ 0 ^- Since Ag^. is dense subalgebra of Ag^, whence there is aj- e Ag^. such that 

hk-akW < 


8|G' 


Since g C°° (S^) we have e^^ (w) e”*" (z’) (v) e™*" (u) e Ag^, and 


^ijgi'fg' 


h ig) [ef (vn,) {h {g') {ef (“mj e”/ ^ Ag, 
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If 


a 


= E E 

g,g'GG’ i,j,i',j'e{i,2} 


then 

and 


I •— ^y/11 

\a — a < e 


(95) 


a" e C" ()5,) . 

Otherwise if G ^er},-g]N is the sequence such that bj- = 0 for r < k and 

i'r= E is) {^7 {Vnr) ef' (“mr)) 4g;'/Y (s') (fi" (“'"r) e”/ (^«r 

g,g’&G^ i,j,i',i'€{l,2} 

for r > k then limr->oo br = a” in the weak topology i.e. a" e (U ^eT)”' whence a" € Ag. 
From (l95l l it follows that Ag is dense in Ag. 

□ 


From the Lemma 17.121 it follows that the described in 17.71 sequence of spectral triples is 
regular. 


8 Epilogue 

There is a good noncommutative generalization of covering projections IflSl based on 
monads, comonads and adjoint functors. But this generalization cannot describe coverings 
of locally compact spaces. In the Definition 14.41 finite sums and projective modules are 
manually replaced with infinite sums and compact operators. In result we have no a 
beautiful theory, but we have new constructions. This replacement can be regarded as 
illegal. ITowever Max Planck manually replaced integrals with sums Il32l and the quantum 
mechanics had been obtained. 
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